Waveguide notes 2010

Electromagnetic waves in free space

We start with Maxwell’s equations in the case that the source terms p and j
are both zero.
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Take the curl of Faraday’s law:
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Use the first Maxwell equation, and we obtain the wave equation with wave speed
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A similar derivation gives the same equation for B. Now let’s look at a plane
wave solution:

E = E, exp <Z]; ST — iwt)
B = Eoexp <iE-f—iwt+¢)
By including the phase constant ¢ in the expression for B we allow for a possible

phase shift bewteen E and B. Inserting these into Maxwell’s equations, we have
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Thus both E and B are perpendicular to the direction of propagation. From
Faraday’s law
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Since this relation must be true for all ¥ and ¢, we have ¢ = 0 (E and B oscillate
in phase) and
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Thus B is also perpendicular to E , and its magnitude is E/c.
If the waves propagate in a LIH material medium, the derivation goes through
in the same way using D and H, and the only difference is that the wave speed is

v = 1/,/u€ = c/n, where the refractive index n = /eu/eop.
Electromagnetic fields in a wave guide
A wave guide is a region with a conducting boundary inside which EM waves
are caused to propagate. In this confined region the boundary conditions create
constraints on the wave fields. We shall idealize, and assume that the walls are
perfect conductors. If they are not, currents flowing in the walls lead to energy
loss. See Jackson Ch 8 for a discussion of this case.
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The boundary conditions at the walls of our perfectly conducting guide are
(see notes 1):
n-D=% (0.1)

where ¥ is the surface charge density on the wall,

AxE=0 (0.2)
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and

ax H=K (0.4)
where K is the surface current density. (Note that we have assumed H =0 inside
the conducting material. This is true here because all our fields are assumed
to be time-dependent, and then non-zero OB /Ot implies nonzero E , by Faraday’s
law. Non-zero F is not allowed inside a perfect conductor, and so H must be
zero t00. )

Now we use cylindrical coordinates with Z along the guide in the direction
of wave propagation. The transverse coordinates will be chosen to match the
cross-sectional shape of the guide — Cartesian for a rectangular guide and polar
for a circular guide. Next we assume that all fields may be written in the form

E = Eo (f) e_th

We are not making any special assumptions about the time variation, because we
can always Fourier transform the fields to get combinations of terms of this form.
Then Maxwell’s equations in the guide take the form:

x B = iwB
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V-D=0 V-B=0
and L .
V x H=—iwD
Taking the curl of Faraday’s law, and inserting V x B from Ampere’s law, we get:
V x <6XE) = 6(65) —Vzﬁziwﬁxgziw<—i%usﬁ>
V2E = —w?ucE (0.5)

This equation is the same as we obtained for free space.
Next we look for solutions that take the form of waves propagating in the
z—direction, that is:
EO (f) = Ea (‘T’ y) e’

The wave equation (0.5) then becomes:
V2E 4+ w?ueE — K°E = 0 (0.6)
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where V? is the Laplacian operator in the two transverse coordinates (x and y, or
p and ¢, for example.) Thus equation (0.6) is an equation for the function E, of
the two transverse coordinates.

Since we were able to simplify the equations by separating the function E into
its dependence on the coordinates along and transverse to the guide, we now try
to do the same thing with the components. At first glance you might want to
jump to the conclusion that there is no z—component of a wave propagating in
the z—direction, but in general there is. The waves are propagating between
conducting boundaries, and we have to allow for the possibility that waves travel
at an angle to the guide center-line, and bounce back and forth off the walls as they
travel. Since E is perpendicular to the wave vector, E in such a bouncing wave
has a z—component. The total electromagnetic disturbance in the guide is a sum
of such waves. The sum is a combination of waves that interfere constructively.
Thus

E,=E.; + E,
and similarly

Ea =B.Z+ Bt
This decomposition simplifies the boundary conditions, since 7 has no z—component.
Thus equation (0.2) has two components. The transverse component gives

E.=0o0nS (0.7)
while the z— component gives
AxE =0 on S (0.8)
and eqn (0.3) becomes B
n-B,=0o0nS (0.9)

Next we separate Maxwell’s equations into components too. The “divergence”
equations are easiest, so let’s start with them:

vﬁzozg@jz - E)

z

and evaluating the z—derivative, we get

ikE, + V- E, =0 (0.10)



Similarly:
ikB,+V-B;, =0 (0.11)
For the curl equations, we take the dot product with 2:
5. (6 X E) — iwB, =% (ﬁt X Et) (0.12)
and also the cross product:
zZ X (ﬁxEj:éxin

Let’s investigate the triple cross product on the left. Since Z is a constant we
may move it through the V operator:

ix (VxE) =V (2 E) - (:-V)E
The derivative OF,/0z times Z appears in both terms, and so cancels, leaving:

0

ﬁth - _Et = ZCU,% X gt
0z

Thus . . .

VE, —ikE, =iwZ X By (0.13)
and similarly from Ampere’s law we have:

ﬁth — Zkgt = —Zu)é,ué X Et (014)

and . .

—iwepB, = % - (vt x Bt) (0.15)

Equations (0.10), (0.11), (0.15) and (0.12) show that the longitudinal compo-
nents F, and B, act as sources of the transverse fields Et and Et.

Now we can simplify by looking at two sets of normal modes:

Transverse Electric (or magnetic) modes.

In these modes there is no longitudinal component of E:

E, = 0 everywhere



Thus boundary condition (0.7) is automatically satisfied. The remaining boundary
condition is (0.9), and we can find the version that we need by taking the dot
product of 7 with equation (0.14):

—ikn - ét +n- ﬁth = —IWeUN - (2 X eq)

The first term is zero on S, and we rearange the triple scalar product on the right,
leaving;:

aBz . A ~ o
—— = lweuz - <n X Et> =0on S (0.16)
on

where we used the other boundary condition (0.8) for E.
Transverse Magnetic (or electric) modes.
In these modes there is no longitudinal component of B:

B, = 0 everywhere

Thus the boundary condition (0.16) is trivially satisfied, and we must impose the
remaining condition (0.7)
E.,=0onS.

Since the Maxwell equations are linear, we can form superpositions of these two
sets of modes to obtain fields in the guide with non-zero longitudinal components
of both E and B. These modes are the result of the constructive interference
mentioned above.

Now let’s see how the equations simplify.

TM modes

We start by finding an equation for E,. Equation (0.14) simplifies to:

—ik’ét = —IWeNZ X eq
B, = %e,ué « E, (0.17)
and we substitute this result back into equation (0.13).
kB, +V\E, = iw? X (%sué’ X Et)
Vth = Zlet — Z?5IUEt
. w? ~
= ik (1 — ﬁsu) E; (0.18)
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and finally we substitute this result back into equation (0.10):

ikE, + V, - L = 0
ik (1 — %eu)

ViE. + (Wep—K)E, = 0

or

VIE, ++v°E, =0 (0.19)

with
7V = wlep — kK (0.20)
Equation (0.19) is the defining differential equation for E,. Once we have solved

for E., we can find E; from equation (0.18) and then B; from equation (0.17).
TE modes
The argument proceeds similarly. We start with equation (0.13), to get:

E, = —%2 x B, (0.21)
Then use equation (0.14)
B = . A W, =
—1kBy + Vi{B, = —iweuz x <_EZ X Bt)
2
V.B. — i(k—w;”> B, (0.22)

and finally from equation (0.11) we have:

- V,B.
ikB, + V, ——2%

i (k=)
ViB.+7’B, = 0
which is the same differential equation that we found for F, in the TM modes.

The solutions are different because the boundary conditions are different. Thus
the solution for the two modes proceeds as follows:



TM modes TE modes
assumed B,=0 E, =0

differential equation VfEZ +72E, =0 VfBz +72B, =0

boundary condition E.,=0onS % =0onS
next find E, = %V,E, B, = 4V,B.
then find B, =%euz x E,  E =-%:x B,

The differential equation plus boundary condition is an eigenvalue problem
that produces a set of eigenfunctions E, (or B,) and a set of eigenvalues ~,,. The
wave number k is then determined from equation (0.20):

k2 =wlep—+2 (0.23)

n —

Clearly if v, is greater than w,/zfi = w/v, where v is the wave speed, k becomes
imaginary and the wave does not propagate. There is a cut-off frequency for each
mode, given by
Wy = Y,V

If v, is the lowest eigenvalue, the corresponding frequency w; is the cutoff fre-
quency for the guide, and waves at lower frequencies cannot propagate.

A few things to note: the wave number £k, is always less than the free-space
value w/v, and thus the wavelength is always greater than the free-space wave-
length. The phase speed is

w 1 1 S 1
Vy = — =
Tk T—w2fe? VI

and we can differentiate eqn (0.23) to get

dw
2w—-ep =2k
T
Then the group speed is
dw 2k 1 1 w? - 1
v, == — = = = _ — _—
Y dk 2wep  pevy  \JHE w? L\l
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Thus information travels more slowly than if the wave were to propagate in free
space.

TM modes in a rectangular wave guide

Let the guide have dimensions a in the z-direction by b in the y—direction.
Let the interior be full of air so /g9 = p/py = 1. Then the differential equation

for F, is ) )
0 0 9
— + = E,.=0
<&ﬁ+aw+”>
As usual we look for a separated solution, choosing E, = X (z)Y (y) to obtain:
n " 9
= -0
Xy "7

Fach term must separately be constant, so we have:

Y//
v

and
—a2—52+72:0

The boundary conditions are:
X=0atzx=0and r=a

and
Y=0aty=0andy=0>

Thus the appropriate solutions are X = sinax and Y = sin Sy with eigenvalues
chosen to fit the second boundary condition in each coordinate:

nm mm
a=—and f=—
a b
Thus nwr . mny
E, = Eysin —— sin ——=¢th* it
a b
and

= () ()
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Notice that the lowest possible values of n and m are 1 in each case, since taking
m or n = 0 would render F, identically zero. Thus the lowest eigenvalue is

1 1

T =T ?4’?

and the cutoff frequency for the TM modes is:

We TM = CYqp = CT pr) + =

Jackson solves for the TE modes (pg 361). The eigenvalues are the same, but in
this case it is possible for one (but not both) of m and n to be zero, leading to a

lower cutoff frequency:
cm

We, TE = —
a

assuming a > b. This would be the cutoft frequency for the guide.
In the TM mode, the remaining fields are:

= 1k = nmTr . MTY ...
E, = —Vt F sin —— sin ——=¢th#—iwt
~2 a b
vk . nmx . mmy M. . NI MTAYN\ 1o s
= —Eo (—x cos — sin + —¢ sin —— cos ) gthz—iwt
~2 a a b b a b
and
= w 1k nm . nTr . mmwy mmT . . NIx AN
B = —22 X EO <—x cos — sin + — ¢ sin —— cos ) thz—iwt
ke ~2 a a b b a b
LW nm nTr . mwy MmT . . NIT AN
= 155 E <—y cos — sin — — I sin — cos —) gthz—iwt
c?y a b b a b

As usual the physical fields are given by the real part of each mathematical ex-
pression. You should verify that these fields satisfy the boundary conditions at
x=0,a and at y = 0, .
Power
The power transmitted in the guide is:
. 1 - =
S(t)y=—FExB
Lo
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where here we must take the real, physical fields. Usually we are interested in the
time-averaged Poynting flux

— 1 — —
<S> =Re—F x B*
2419

where the fields on the right are the complex functions we have just found.
Proof of this result:

If £ = Eje @t = éEyei®e—t and similarly for B , then:

— /\EB
< > =< x b2 cos? (¢ — wt) >
Ho
~FyB
= <é x b—22 (cos ¢ coswt + sin ¢ sin wt)? >
Ho
o ~ AEOBO 2 2 . . .9 .9
= <éexb (cos ¢ cos” wt + 2 cos ¢ cos wt sin ¢ sin wt + sin” ¢ sin wt) >
Ho
~EyB ~FyB,
= éx b= O(COSQQS—I—SinZQS):éxb 00
2410 2t
and . BB
— Ex B =éx b2
210 2410

so the two results are the same. (Be sure that you understand why E and B are
in phase.)
Using our solution, the components are:

< S,> =Re % (E.B; — E,B;)

Ho
1 ik N, nm nwr . muy\?2 mm . naT mmy\ 2
= Re——Fy(—i) =—=Fp || — cos —sin + ( — sin —— cos
2010 v? 22 a a b b a b
E2 kw <n7r nrx | mwy) 2 <m7r . nTT mﬂy)2
= ——— |(— cos——sin + ( —— sin — cos
2yt [\ a a b b a b

E2 \Jw?/2—~?w [/nm nmr . mmy\?2 mmr . nrr  muy\?2
—_— (— cos —— sin ) + (— sin — cos )
24 ok c?

a a b b a b

R [ e

— cos —— sin — sin —— cos

a a b b a b

Eg \/LZ_22 - (%)2 - (%)2 w {(mr nwx m7ry>2jL <m7r . nmx mﬂy>2]
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< S, > is positive for all values of x and y, showing that power is propagating
continuously along the guide in the positive z-direction.
The transverse component S, is:

1 1
< Sy, >Re— (E,B, — E.B) =Re— (—E.B]
e2/v50 ( Y=z y) e2u0 ( y)
1
= Re e (—EO sinnT:x sin m;vy (—1) #EO% cos nT:x sin m;vy)

= 0

Because there is no real part, the time averaged power flowing across the guide is
zero. Power slf)shes back and forth, but there is no net energy transfer.
Fields in a parallel plate wave guide
By simplifying the shape of the guide even more, we can demonstrate how the
wave modes are formed by reflection of waves at the guide walls. Let this guide
exist in the region 0 < y < a. For the TM mode, the equation to be satisfied is:

(Vi+7") E.=0
with
E.=0aty=0andy=a
Because the region is infinite in the x—direction, the appropriate solution has no
r—dependence:
n . .
E. = Eysin DY gie—iat

with

nm

Tn =

a

Thus the cutoff frequency for this mode is

e
wC:’le: —_—
a

Then the other components of the fields are:

= 1k = 1k nmw NTY oo
E, = —2VtEZ = —2—E0 cos —Z¢'k* wty
v 72 a a
_ tka EO cos nmy eisziwt ~
nmw a
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and

o W . o= w ika MY iy it ~
B, = —=:xE, =———Fjcos —ZeF* i3
K kc? ! k2 nm °
w ia NTY 0 o
= ———Fycos — L gtkeivt g (0.24)
cnm a

Let’s look at the electric fields first. We write the sine and cosine as combi-
nations of complex exponentials:

ey _ o~y . Y e~y — e\
Ez —_ EO : ezkz twt Z—E() ezkz iwt
21 ot 2

and

Ey = ﬁEO <ei7y + e_i7y> eikz—iwt
vy 2
Thus we can write the electric field as a superposition
— 1 — —
£} ()

where the two superposed fields are

o E .
Ey =i(ky—~2) 0 exp (ikz + iyy) e "
Y

and E
Ey =i (kfj +72) 70 exp (ikz — iyy) e ™!
Similarly:
. e\ 1/~ =
B, — _igiEOj (e +e ) pikz—iwt _ 1 <B1 i B2>
c*y 2 2
with

By = —’i%Eof exp [i (k2 & vy)]
Now define the four vectors

A~

iy, = ky — vZz; Uy = ky + 2
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and

o = kz 4+ ~7; Uy =kZ =7y
Then for 2 =1,2

U; - U; = 0

and

The two electric field components are then:
o o it = .o Eo it
FEy =itu;— exp (it; - T) e and  Fo = itly— exp (it - ¥) e
Y
while ~
?71 X E1
w
consistent with (0.24)

Each of these sets of fields (El and El, Eg and B%) has the form of a free-space
wave propagating in the direction given by the vectors v; and v respectively and

with wave number w
(0] = |0 = Vo2 + k2 = =

. These waves are moving across the guide at an angle given by

tan@zﬁ:izzi Y
(% k w? 2
= 7

=B, = —z‘%iEo exp [i (kz 4+ vy)]

that is, the waves are reflecting off the plates at y = 0, a. When the angle
becomes m/2, the wave ceases to propagate along the guide, but just bounces
back and forth. This happens when tanf — oo, or
w
Y=
c
This gives the cut-off frequency we found before.
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