Radiation from arelativigically moving particle

SM.Lea

1 Angular distribution of radiation

The Poynting flux is:
2
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S= —
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all evaluated at the retarded time t,¢ = ¢t — R /c. The energy radiated per unit solid angle in
the direction i1 during atime At is:
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T dtret
The integrand R2S . ndtd—tf is the energy radiated per unit solid angle per unit time along
the particle’sworld line, but measured in the lab frame. We'll call thisdP (t') /dS2 .
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Now recall that
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The reduction of the power of (1 — B : n) in the denominator from 6 to 5 isdueto a
transformation of angles in going to the lab frame.

The denominator (1 — B ﬁ)o makes the power radiated very large in the direction of 5
when g ~ 1.

1.1 Acceleration parallel to velocity

Recall tha the angular distribution of radiation goes likesin? 6 in the non-rel ativistic case.
Thus there is no radiation at all in the direction along the accceleration @. In the relativistic
case, the lobes of radiation are ’squashed” in the direction of 5.

Non-relativistic Relativistic: 3 =0.99,v =7

Let’s find the angle & which the radiaion peaks. Since 5 x dj3/dt = 0, equation (1)
simplifies:
dP (t) sin? 0
= k =
dQ (1 —pBcosb)”
The maximum occurs where the derivative is zero:

2sinflcosf 5 (sin®6) (Bsin0) _
(1 —Bcosh)® (1 —Bcosh)®
whichis satisfied for § = 0 or = (which are the minima where the power radiated is zero) or
(1 — Bcosf)2cosh =504 sin?6 = 53 (1 — cos® 9)
This is aquadratic equation for cos 6 :
38 cos2 6+ 2cosf — 58 =0

with solution
—2+V4+4-158° —1£1+158°

2.3 36
Since thesquarerootis> 1, and cosf < 1, we must take the plus sign:
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Now if 3 is very closeto 1, we can write 3% = 1 — 1/~2, and expand:
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Since cos § ~ 1, then § < 1, and we may expand the cosine:
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1——:
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cosf =

and thus )
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whichis the angle of the maxima of the beam shown in the figure above.

1.2 Velocity perpendicular to acceleration

(1 ST J.)
3242 4

We choose a coordinate system with z—axisalong 3 and = —axis along%é. Then we may
write
ni=cos0z + sinf (cos pX + sin ¢py)
i — = (cosf — B) z+ sinf (cos ¢px + sin ¢F)
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and so

dP(t) o 1 L sin? @ cos? ¢
ds2 (1 — Bcosb)’ 72 (1 — Bcosb)’

Distributioninthe ¢ = 0 plane

Non-relativistic Rdativistic: v = 3

Again we find that the distribution is strongly peaked toward 6 ~ 0. Substitute
5% =1-1/~2, and assumed < 1. Then

[T 1 6°
1—(Bcosd = 1-— 1—$<1—?)

and so

dP (") o ~5 (1_ 4~%6* 0052¢)
dQ (1 +7292)3
The distribution depends on ¢ aswell as 6.
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dP (t) 6 4726?
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whichis maximum at § = 0 and goesto zeroat 6 = 1/~.
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p=m7/2
dp(t) __ 7°

aq (1 +7292)3
whichis maximum at 6 = 0 and goesto 1/8 of itsmaximum by 6 = 1/.
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2 The power spectrum

The power radiated per unit solid angleis:
dP c -
—_— — E
dQ 4w
where E is evaluated at the retarded time.
The folowing assumptions are justified in any real physical situation:

1 E(t)—0ast— +oo

2

2. The charge movesthrough a small angle while being observed by afixed observer alarge
distance away.

Then the total energy radiaed per unit solidangle is:

dw c [T (2
dQ 4w J_ ’RE‘ di

o0

Now we Fourier transform the vector F=RE:

. 1 +oo ., )
F(w) = ﬁ/ F(t)e™“dt
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and by Parseval’stheorem, we have:

dw c (T4 2 c oo 2 (U 2
—_— = — F = — F F
w = n ) Fele-g([ ol [ |Fofw)
c +o0 . 2 . 2
= — <F(w)‘ + F(—w)‘)dw
47T 0
But since F (¢) isreal, then F (—w) = F™* (w) ,and s0
+oo 2
Z—Ig = Qi F (w)‘ dw
T Jo
and so the energyr radiated per unit frequency per unit solid angle is:
d*W ¢ | = 2
=—|F
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Now -
<o [(8-5) <4
F(t) =2 ——
(1-74)
and so
400 N X (ﬁ—ﬁ) X dz]
n o q 1 L dt | iwt
(w) = P —— e"tdt
T ()
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Change variablesto t’ = tyg =t — R (t') /c. Thendt’ = dt (1 - Eﬁ) and we have
. +o00 NIX ﬁ—B xiﬁ
F(w) = —m / [( ) dt] exp [iw (' + R(t) /) dt’ )

N 2
:;271'0 —oo (1 7[3.1‘1)
First let’s evaluate R (t') :
R? =7* + R} — 2r Ry cos x
Since r < R, we may approximate:
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Next note that

g hx (ﬁxB) nx ﬁx%;@) dg . nx (ﬁxg)
dt 1-3a 1- G4 _(__'n>

whichis the quantity that appearsin the integrand of (2).
Putting it all together, we have:

F(w) = —mmrmeieR0/c /+oc d /n - (n - /8)) exp [iw (t' — @ - 7/c)] dt’

2me oo At \ 1-— ,6’ N
Now we can integrate by parts. Theintegrated term is:
n X (ﬁ X B)
exp [iw (' —n - 7/c)] =
1-5-n

and for any real physical system, we expect B — 0 ast — +oo, sothisterm iszero. Then:

F(w) = — —mme 27rc eiwho/e /m( 1 n;?) (1—E-ﬁ)exp[z’w(t’—ﬁ-f/c)}dt'

and finally, renaming t' = ¢, Wehave

—. . +OO -
F(w)= ﬂeszo/C/ A x (ﬁx[ﬁ') exp [iw (¢ — A - 7/¢)] dt
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and thus
2

2w c W | [t .= . N
T - 2o / X (n X 6) exp [iw (t — n-7/c)] dt
w2g? 2

©)

/_+Ooﬁx (ﬁxﬁ) expliw (t — 7 - 7/c)] dt
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3 Synchrotron radiation

3.1  Qualitative discussion

Consider a particle moving along a circular path. The radiation is beamed into acone of
opening angle ~ 1/, as shown above Thus an observer at P sees radiation while the
particleispointed within an angle ~ 1/ of P, and thuswhile the partide travels an arc of
length s ~ %r, wherer istheradiusof thecircle. The partidetravds thisdistancein atime

to observer

Radiation emitted at A at time ¢, reaches P, distanced away, at timeT; = % +t5.
Radiation emitted at B at timety, = t; + At = ¢ + 2r/~v reaches P at time
Ty =4 -2 ¢, 4 -sf Thelength of the observed pulseis

c ye



Thus:
T_2r(1 1>_2r<1 1)_7‘
ye \ B ye \B Y3
But for an extremely relativistic particle, wy = v/r ~ ¢/r, 50 AT = 1/v3wy. Now a pulse

of width AT hasFourier componentsup to at least 1/ AT, and so the observed frequencies
extend to at least v3wy.

3.2 Formal treatment

Let the particle’spath bein the z — y—plane, and let t = 0 when the particle is at the origin.
Then:
7=r [sinwotX+ (1 — coswot) ¥]
B:B (coswotx+ sin wot)
Let the observer’sdirection bein the x — z—plane at an angle 6 to the x—axis. Then:

n =cosfx +sinfz

and
A x (ﬁxB) - ﬁ(hﬂ)fﬁ
B [cos 0 cos wyt (cos 6% + sin 0Z) — cos wotX— sinwoty]
B (— sin® 0 coswotR —sin wot§+ sin 6 cos O coswotz)
and

wt—n-rlc)=w (t - ﬁcosﬁsinwmf)
C
The observer will see nothingunlessd < 1/y <« 1, and dsowot < 1/v < 1, so we
can expand dl the sinesand cosines to 3rd order in small quantities. (We have to take the
quantity that appears in the exponential to higher order thanthe rest of the integrand.)

w(t—n-7c) = w<t_%<1_9_22> (wot_ WS(’:S))

_ (1 I Bwor et
c 2c 6¢

Now weassume~ > 1 and thus 8 = 1 — 1/2+2 and note that wor /c = 8. Then:
L 1 2 3 c?
w(tfnw"/c) =w |:t <W+?) +1t W
whichis correct to second order in small quantities.
Similarly

A x (n x B) = B (~wot§+02) = —woty +02



to first order in small quantities. So the radiated spectrum is:
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To do theintegrals, let
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1/3 2/3
(Jackson 14.82 or G&R 8.433 with £ — (g) zand G&R’sz = 3 (g) )
Finally then:

2 Wi

0de dAre (woI? +6%13)
Wi (1 L\ 4 ) 02 ,
4r2c <72 + > 302 [ 2/3 (5)] +;15-+92 [ 1/3 (5)]

g2 w2 (1 9 2 2 6> 2
= 2\ 30 (K ©) + 05 [K1a (©)] 4)
=z +
3/2
Now recall that the Bessel functionsgo likee—¢ for largeé = =+ (71; + 62) , sotheemit-

3wo
ted power per unit solid angle decreases exponentialy for w > 3wy (1 + v292)73/2 -

we (1+~26%) %

Spectrum at 6 = 0
For w < w,, we may use the small argument expansion of the Bessel functions.

I'(v v
K€~ 52 (2)

and notethat £ = w/w.., so:
d2W 2 W2L<r(2/3)>2<%>4/3

dQdw  3r2cw? A 2 w
B 34/3q2w_224/372,y4 <F(2/3))2 (ﬂ)4/3
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o 4 c \wo s
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Forw > w,

and so:
d>W % W 1 m3wey? 2w /w
— e
dQdw 3m2cwi vt 2w
2
q (ﬁ) 672w/wc (6)
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Width of the beam
Let’s define the angular width of the beam at any frequency by the relation

£0:) = €(0)+1

= (14+4%62)"" = =41
We We
(1++22)"" = 1 + ==

At low frequencies, w < w,, theright hand side is large, and so we must have v, > 1.
Then

We

3
(70.)" =~ "

g, 1 (%)1/3 @

which is greater than the “average” value of 1/, whilefor large frequencies, w > w,, the
right hand sideiscloseto 1, and so 0. < 1. Then:

or

3 w
14+ =202 =14—=
+27 ¢ +w

or

1 /2w,
0, = =)= ®)
vV 3w
whichis less than the average value. In this case we may write

3/2 2
6725 = exp <_2i (1 + 7292) / ) — exp __w exp _317292
We We We

I(0) =1(0)exp (2 <9i>2> ©)

and thus

The beam is a Gaussian.
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4 The integrated spectrum

The total energy radiated per unit frequency is:
AW W 2 gy
_ [ ——— 10 =2 —
dw / Tod2 ”/, pyp ded " 60

Notice that our angle variable 6 is the lattitude rather than the usual polar angle. Now the
emission isvery small for anglesé > 1/~, so we may approximate the integral as:

dW oo 2w
o / Toaad

dw oo

At low frequenciestheintegrand is slowly varying since the Bessel functionsgo like small
powers of ¢, and thus small powers of the angle . Thus, from equations (5) and (7):

2 1 1/3 1/3 2 2/3 /(9 2
ﬂ ~ QWOCﬂ (0) = 27— (&) <§> a <ﬁ> < ( /3)>
dw dQdw Y \w 4 c \wp T

w(2) 0 (5) 5 (2) ()
w 4 c \wy T
o <§)2/3£ (&)1/3 <M>2
2 c \wy T
At high frequencies, we use equation (9) and (8):
dW

+oo 2 2
q w —2w/w 4
2 —_—| - e -2 | = d
w o= () (2 (7))
— Qq_2 v e—2w/wc\/£96
ye \wo 2
_ oL (1) e—zw/chi,/ﬂ
e \wo 24V 3w

2
w p—
_ QCIT =2 /we, [ra3/2
yee Vv wWo

2
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—21/2 e~ 2/we /1
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Alternae version of page 3

(ﬁ—B) xﬁ :ﬁ[(COSG— B) ¥ — sinfsin ¢z]
© dt dt
-\ dB d

nx [(ﬁ - ﬁ) X %} = [cos6Z + sinf (cos pX + sin ¢pF)] x Tf [(cos @ — B)§ — sinf sin ¢Z]
4B | —cosf(cosh — ) X+sin cos ¢ (cos § — () 2+ sin? 0 cos ¢ sin ¢y
T dt —sin? @sin? g%
= % [(—0052 0 — sin® 0 sin® ¢ + ﬁcos@) %+ sinf cos ¢ (cos § — 3) z+sin” 6 cos ¢ sin ¢
= % [(—1 +5sin? 6 cos? ¢ + 3 cos 9) %+sin 0 cos ¢ (cos @ — ) Z+ sin? @ cos ¢ sin ¢y]

and so

(d_/5>2 (=1 +sin® Ocos? ¢ + B cos 9)2 + sin? 0 cos® ¢ (cos 6 — B)°
+sin* 0 cos? psin? ¢

45\ 2 [ sin* @ cos* ¢ — 2sin? cos?® ¢ + 28 sin? 0 cos? pcosf + 1 — 26 cos § —I

= <E) +? cos? 0 + sin? O cos? 10} ((:os2 0 —2Bcos + ﬂ2)
i +sin* 6 cos? psin? ¢ J

_ ﬁ T sin 0 cos® ¢ + sin? 0 cos? Hcos® ¢ — 2sin® O cos? ¢ + 1
N dt —2Bcosb + ° (cos2 0 + sin? 0 cos? (;S)

dp : .2 2 2 2 2 .2, . 2
= E [lfsm 0 cos” ¢ —2Bcosb + 57 cos” 0 + 3”7 sin” O sin gﬂ

dB\ 2
= (d—f> {(1—60039)2731n2 0cos2¢(1752)}
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