
Radiation from a relativistically moving particle

S.M.Lea

1 Angular distribution of radiation

The Poynting flux is:
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all evaluated at the retarded time tret = t ¡ R/c. The energy radiated per unit solid angle in
the direction n̂ during a time ¢t is:

E =

Z T2+R(T2)/c

T1+R(T1)/c

R2~S ¢ n̂dt
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dtret
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The integrand R2~S ¢ n̂ dt
dtret

is the energy radiated per unit solid angle per unit time along
the particle’s world line, but measured in the lab frame. We’ll call this dP (t0) /d­ .
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Now recall that
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The reduction of the power of
³
1 ¡ ~β ¢ n̂

´
in the denominator from 6 to 5 is due to a

transformation of angles in going to the lab frame.

The denominator
³
1 ¡ ~β ¢ n̂

´5

makes the power radiated very large in the direction of ~β

when β ¼ 1.

1.1 Acceleration parallel to velocity

Recall that the angular distribution of radiation goes like sin2 θ in the non­relativistic case.
Thus there is no radiation at all in the direction along the accceleration ~a. In the relativistic
case, the lobes of radiation are ”squashed” in the direction of ~β.
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Let’s find the angle at which the radiation peaks. Since ~β £ d~β/dt = 0, equation (1)
simplifies:

dP (t0)

d­
= k

sin2 θ

(1 ¡ β cos θ)5

The maximum occurs where the derivative is zero:

2 sinθ cos θ

(1 ¡ β cos θ)5
¡ 5

¡
sin2 θ

¢
(β sin θ)

(1 ¡ β cos θ)6
= 0

which is satisfied for θ = 0 or π (which are the minima where the power radiated is zero) or

(1 ¡ β cos θ) 2 cos θ = 5β sin2 θ = 5β
¡
1 ¡ cos2 θ

¢

This is a quadratic equation for cos θ :

3β cos2 θ + 2cos θ ¡ 5β = 0

with solution

cos θ =
¡2 §

p
4 + 4 ¢ 15β2

2 ¢ 3β
=

¡1 §
p

1 + 15β 2

3β
Since the square root is > 1, and cos θ · 1, we must take the plus sign:

cos θ =

p
1 + 15β 2 ¡ 1

3β
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Now if β is very close to 1, we can write β 2 = 1 ¡ 1/γ2, and expand:

cos θ =

p
16 ¡ 15/γ2 ¡ 1

3
p

1 ¡ 1/γ2
=

4

3

³
1 ¡ 15

32γ2 ¡ 1
4

´

1 ¡ 1
2γ2

=
4

3

µ
3

4
¡ 15

32γ2

¶ µ
1 +

1

2γ2

¶

= 1 ¡ 1

8γ2

Since cos θ ¼ 1, then θ ¿ 1, and we may expand the cosine:

1 ¡ θ2

2
= 1 ¡ 1

8γ2

and thus

θ =
1

2γ
which is the angle of the maxima of the beam shown in the figure above.

1.2 Velocity perpendicular to acceleration

We choose a coordinate system with z¡axis along ~β and x¡axis alongd~β
dt

. Then we may
write

n̂=cos θẑ + sinθ (cosφx̂ + sinφŷ)

n̂ ¡ ~β= (cos θ ¡ β) ẑ + sinθ (cosφx̂ + sin φŷ)
and

n̂ £
"³

n̂ ¡ ~β
´

£ d~β

dt

#
=

³
n̂ ¡ ~β

´ Ã
n̂ ¢ d~β

dt

!
¡ d~β

dt

³
1 ¡ ~β ¢ n̂

´

where

n̂ ¢ d~β

dt
= _β sin θ cos φ

and
~β ¢ n̂ = β cos θ

so

jj2 =
¯̄
¯(cos θ ¡ β ) ẑ + sinθ (cosφx̂ + sin φŷ) _β sin θ cos φ ¡ _βx̂ (1 ¡ β cos θ)

¯̄
¯
2

= _β
2
h
(cos θ ¡ β)

2
sin2 θ cos2 φ + sin4 θ sin2 φ cos2 φ +

©
sin2 θ cos2 φ ¡ (1 ¡ β cos θ)

ª2
i

= _β
2
·

sin2 θ cos2 φ cos2 θ ¡ 2β sin2 θ cos2 φ cos θ + β 2 sin2 θ cos2 φ

+ sin4 θ sin2 φ cos2 φ + sin4 θ cos4 φ ¡ 2 sin2 θ cos2 φ (1 ¡ β cos θ) + (1 ¡ β cos θ)
2

¸

= _β
2
·

sin2 θ cos2 φ cos2 θ + β2 sin2 θ cos2 φ

+ sin4 θ cos2 φ ¡ 2 sin2 θ cos2 φ + (1 ¡ β cos θ)2

¸

= _β
2
h
(1 ¡ β cos θ)

2 ¡ sin2 θ cos2 φ(1 ¡ β2)
i
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and so
dP (t0)

d­
_ 1

(1 ¡ β cos θ)
3

Ã
1 ¡ sin2 θ cos2 φ

γ2 (1 ¡ β cos θ)
2

!

Distribution in the φ = 0 plane:
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Again we find that the distribution is strongly peaked toward θ » 0. Substitute
β2 = 1 ¡ 1/γ2, and assume θ ¿ 1. Then

1 ¡ β cos θ = 1 ¡
r

1 ¡ 1

γ2

µ
1 ¡ θ2

2

¶

= 1 ¡
µ

1 ¡ 1

2γ2

¶ µ
1 ¡ θ2

2

¶

= 1 ¡
µ

1 ¡ 1

2
θ2 ¡ 1

2γ2

¶

=
1

2
θ2 +

1

2γ2
=

1

2γ2

¡
1 + γ2θ2

¢

and so
dP (t0)

d­
_ γ6

¡
1 + γ2θ2

¢3

Ã
1 ¡ 4γ2θ2 cos2 φ

¡
1 + γ2θ2

¢2

!

The distribution depends on φ as well as θ.
φ = 0, π

dP (t0)

d­
_ γ6

¡
1 + γ2θ2

¢3

Ã
1 ¡ 4γ2θ2

¡
1 + γ2θ2

¢2

!

=
γ6

¡
1 + γ2θ2

¢3

µ
1 ¡ γ2θ2

1 + γ2θ2

¶2

which is maximum at θ = 0 and goes to zero at θ = 1/γ.
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φ = π/2
dP (t0)

d­
_ γ6

¡
1 + γ2θ2

¢3

which is maximum at θ = 0 and goes to 1/8 of its maximum by θ = 1/γ.
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2 The power spectrum

The power radiated per unit solid angle is:

dP

d­
=

c

4π

¯̄
¯R~E

¯̄
¯
2

where ~E is evaluated at the retarded time.
The folowing assumptions are justified in any real physical situation:

1. ~E (t) ! 0 as t ! §1
2. The charge moves through a small angle while being observed by a fixed observer a large

distance away.

Then the total energy radiated per unit solid angle is:

dW

d­
=

c

4π

Z +1

¡1

¯̄
¯R ~E

¯̄
¯
2

dt

Now we Fourier transform the vector ~F =R~E :

~F (ω) =
1p
2π

Z +1

¡1
~F (t) eiωtdt
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and by Parseval’s theorem, we have:

dW

d­
=

c

4π

Z +1

¡1

¯̄
¯~F (ω)

¯̄
¯
2

dω =
c

4π

µZ +1

0

¯̄
¯~F (ω)

¯̄
¯
2

dω +

Z 0

¡1

¯̄
¯ ~F (ω)

¯̄
¯
2

dω

¶

=
c

4π

Z +1

0

µ¯̄
¯~F (ω)

¯̄
¯
2

+
¯̄
¯ ~F (¡ω)

¯̄
¯
2
¶

dω

But since ~F (t) is real, then ~F (¡ω) = ~F ¤ (ω) ,and so

dW

d­
=

c

2π

Z +1

0

¯̄
¯~F (ω)

¯̄
¯
2

dω

and so the energyr radiated per unit frequency per unit solid angle is:

d2W

d­dω
=

c

2π

¯̄
¯ ~F (ω)

¯̄
¯
2

Now

~F (t) =
q

c

n̂£
h³

n̂¡~β
´

£ d~β
dt

i

³
1 ¡ ~β¢n̂

´3

and so

~F (ω) =
q

c

1p
2π

Z +1

¡1

n̂£
h³

n̂¡~β
´

£ d~β
dt

i

³
1 ¡ ~β¢n̂

´3

¯̄
¯̄
¯̄
¯
tret

eiωtdt

Change variables to t0 = tret = t ¡ R (t0)/c. Then dt0 = dt
³
1 ¡ ~β¢n̂

´
and we have:

~F (ω) =
qp
2πc

Z +1

¡1

n̂£
h³

n̂¡~β
´

£ d~β
dt

i

³
1 ¡ ~β¢n̂

´2
exp [iω (t0 + R (t0)/c)] dt0 (2)

First let’s evaluate R (t0) :
R2 = r2 + R2

0 ¡ 2rR0 cosχ
Since r ¿ R, we may approximate:

R = R0

r
1 ¡ 2

r

R0
cosχ = R0 ¡ r cosχ = R0 ¡ n̂ ¢ ~r
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Next note that

d

dt

n̂£
³
n̂£~β

´

1 ¡ ~β¢n̂
=

n̂£
³
n̂£ d~β

dt

´

1 ¡ ~β ¢n̂
¡

Ã
¡d~β

dt
¢ n̂

!
n̂£

³
n̂£~β

´

³
1 ¡ ~β¢n̂

´2

=
n̂

³
n̂¢d~β

dt

´
¡ d~β

dt

1 ¡ ~β¢n̂
+

Ã
d~β

dt
¢ n̂

!
n̂

³
n̂¢~β

´
¡ ~β

³
1 ¡ ~β¢n̂

´2

=

³
n̂¢d~β

dt

´ ³
n̂

³
1 ¡ ~β¢n̂

´
+ n̂

³
n̂¢~β

´
¡ ~β

´
¡ d~β

dt

³
1 ¡ ~β¢n̂

´

³
1 ¡ ~β¢n̂

´2

=

³
n̂¢d~β

dt

´ ³
n̂ ¡ ~β

´
¡ d~β

dt

³
1 ¡ ~β ¢n̂

´

³
1 ¡ ~β¢n̂

´2

=
n̂£

h³
n̂¡~β

´
£ d~β

dt

i

³
1 ¡ ~β¢n̂

´2

which is the quantity that appears in the integrand of (2).
Putting it all together, we have:

~F (ω) =
qp
2πc

eiωR0/c

Z +1

¡1

d

dt

0
@

n̂ £
³
n̂ £ ~β

´

1 ¡ ~β ¢ n̂

1
A exp [iω (t0 ¡ n̂ ¢ ~r/c)] dt0

Now we can integrate by parts. The integrated term is:

exp [iω (t0 ¡ n̂ ¢ ~r/c)]
n̂ £

³
n̂ £ ~β

´

1 ¡ ~β ¢ n̂

and for any real physical system, we expect ~β ! 0 as t ! §1, so this term is zero. Then:

~F (ω) = ¡ qp
2πc

eiωR0/c

Z +1

¡1

0
@

n̂£
³
n̂ £ ~β

´

1 ¡ ~β ¢ n̂

1
A iω

³
1 ¡ ~β ¢ n̂

´
exp [iω (t0 ¡ n̂ ¢ ~r/c)] dt0

and finally, renaming t0 = t, we have:

~F (ω) =
¡iωqp

2πc
eiωR0/c

Z +1

¡1
n̂ £

³
n̂£~β

´
exp [iω (t ¡ n̂ ¢ ~r/c)]dt
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and thus

d2W

d­dω
=

c

2π

ω2q2

2πc2

¯̄
¯̄
Z +1

¡1
n̂ £

³
n̂ £ ~β

´
exp [iω (t ¡ n̂ ¢ ~r/c)] dt

¯̄
¯̄
2

=
ω2q2

4π2c

¯̄
¯̄
Z +1

¡1
n̂ £

³
n̂ £ ~β

´
exp [iω (t ¡ n̂ ¢ ~r/c)] dt

¯̄
¯̄
2

(3)

3 Synchrotron radiation

3.1 Qualitative discussion

Consider a particle moving along a circular path. The radiation is beamed into a cone of
opening angle » 1/γ, as shown above. Thus an observer at P sees radiation while the
particle is pointed within an angle » 1/γ of P, and thus while the particle travels an arc of
length s » 2

γ r, where r is the radius of the circle. The particle travels this distance in a time

¢t =
2

γ

r

v

Radiation emitted at A at time t1 reaches P , distance d away, at time T1 = d
c

+ t1.
Radiation emitted at B at time t2 = t1 + ¢t = t1 + 2r/γv reaches P at time

T2 = d
c

¡ 2r
γc

+ t1 + 2r
γv

. The length of the observed pulse is

¢T = T2 ¡ T1 =
2r

γ

µ
1

v
¡ 1

c

¶

Now γ2 = 1
1¡β2 and so β2 = 1 ¡ 1

γ2 and then:

1

β
=

µ
1 ¡ 1

γ2

¶¡1/2

' 1 +
1

2γ2
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Thus:

¢T =
2r

γc

µ
1

β
¡ 1

¶
=

2r

γc

µ
1

β
¡ 1

¶
=

r

γ3c
But for an extremely relativistic particle, ω0 = v/r ' c/r, so ¢T = 1/γ3ω0. Now a pulse
of width ¢T has Fourier components up to at least 1/¢T, and so the observed frequencies
extend to at least γ3ω0.

3.2 Formal treatment

Let the particle’s path be in the x ¡ y¡plane, and let t = 0 when the particle is at the origin.
Then:

~r=r [sinω0tx̂+(1 ¡ cosω0t) ŷ ]
~β=β (cosω0tx̂+sin ω0tŷ)

Let the observer’s direction be in the x ¡ z¡plane at an angle θ to the x¡axis. Then:

n̂ =cos θx̂ + sinθẑ

and

n̂ £
³
n̂ £ ~β

´
= n̂

³
n̂ ¢ ~β

´
¡ ~β

= β [cos θ cos ω0t (cos θx̂ + sin θẑ) ¡ cos ω0tx̂¡ sinω0tŷ]

= β
¡
¡ sin2 θ cosω0tx̂¡ sin ω0tŷ+ sinθ cos θ cosω0tẑ

¢

and
ω (t ¡ n̂ ¢ ~r/c) = ω

³
t ¡ r

c
cos θ sin ω0t

´

The observer will see nothing unless θ . 1/γ ¿ 1, and also ω0t . 1/γ ¿ 1, so we
can expand all the sines and cosines to 3rd order in small quantities. (We have to take the
quantity that appears in the exponential to higher order than the rest of the integrand.)

ω (t ¡ n̂ ¢ ~r/c) = ω

µ
t ¡ r

c

µ
1 ¡ θ2

2

¶ µ
ω0t ¡ ω3

0t
3

6

¶¶

= ωt

µ
1 ¡ rω0

c
+

θ2ω0r

2c
+

rω3
0t

2

6c

¶

Now we assume γ À 1 and thus β = 1 ¡ 1/2γ2 and note that ω0r/c = β. Then:

ω (t ¡ n̂ ¢ ~r/c) = ω

·
t

µ
1

2γ2
+

θ2

2

¶
+ t3

c2

6r2

¸

which is correct to second order in small quantities.
Similarly

n̂ £
³
n̂ £ ~β

´
= β (¡ω0tŷ+θẑ) = ¡ω0tŷ+θẑ
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to first order in small quantities. So the radiated spectrum is:

d2W

d­dω
=

ω2q2

4π2c

¯̄
¯̄
Z +1

¡1
n̂£

³
n̂ £ ~β

´
exp [iω (t ¡ n̂ ¢ ~r/c)]dt

¯̄
¯̄
2

=
ω2q2

4π2c

¯̄
¯̄
Z +1

¡1
(¡ω0tŷ+θẑ) exp

·
iω

½
t

µ
1

2γ2
+

θ2

2

¶
+ t3

c2

6r2

¾¸
dt

¯̄
¯̄
2

=
ω2q2

4π2c
j¡ω0ŷI1 + θẑI2j2 =

ω2q2

4π2c

¡
ω2

0I
2
1 + θ2I2

2

¢

where

I1 =

Z +1

¡1
t exp

·
iω

2

½
t

µ
1

γ2
+ θ2

¶
+ t3

c2

3r2

¾¸
dt

and

I2 =

Z +1

¡1
exp

·
iω

2

½
t

µ
1

γ2
+ θ2

¶
+ t3

c2

3r2

¾¸
dt

To do the integrals, let

x =
ct

r
³

1
γ2 + θ2

´1/2

and

ξ =
ωr

3c

µ
1

γ2
+ θ2

¶3/2

Then
3

2
ξx =

3

2

ωr

3c

µ
1

γ2
+ θ2

¶3/2
ct

r
³

1
γ2 + θ2

´1/2
=

ωt

2

µ
1

γ2
+ θ2

¶

and

1

2
ξx3 =

1

2

ωr

3c

µ
1

γ2
+ θ2

¶3/2

0
B@

ct

r
³

1
γ2 + θ2

´1/2

1
CA

3

=
1

6

ω

r2
c2t3

Thus:

I1 =
r2

c2
2

1

γ2
+ θ2

Z +1

¡1
x exp

·
3

2
iξ

µ
x +

x3

3

¶¸
dx

=
1

ω2
0

µ
1

γ2
+ θ2

¶
2ip
3
K2/3 (ξ)

(cf Jackson 14.82) and

I2 =
r

c

µ
1

γ2
+ θ2

¶1/2 Z +1

¡1
exp

·
3

2
iξ

µ
x +

x3

3

¶¸
dx

=
1

ω0

µ
1

γ2
+ θ2

¶1/2
2p
3
K1/3 (ξ)
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(Jackson 14.82 or G&R 8.433 with t =
³

ξ
2

´1/3

x and G&R’s x = 3
³

ξ
2

´2/3

)

Finally then:

d2W

d­dω
=

ω2q2

4π 2c

¡
ω2

0I
2
1 + θ2I2

2

¢

=
ω2q2

4π 2c

µ
1

γ2
+ θ2

¶2
4

3ω2
0

Ã
£
K2/3 (ξ)

¤2
+

θ2

1
γ2 + θ2

£
K1/3 (ξ)

¤2

!

=
q2

3π2c

ω2

ω2
0

µ
1

γ2
+ θ2

¶2
Ã

£
K2/3 (ξ)

¤2
+

θ2

1
γ2 + θ2

£
K1/3 (ξ)

¤2
!

(4)

Now recall that the Bessel functions go like e¡ξ for large ξ = ω
3ω0

³
1

γ2 + θ2
´3/2

, so the emit­

ted power per unit solid angle decreases exponentially for ω À 3ω0γ
3
¡
1 + γ2θ2

¢¡3/2
=

ωc

¡
1 + γ2θ2

¢¡3/2
.

Spectrum at θ = 0
For ω ¿ ωc , we may use the small argument expansion of the Bessel functions.

Kν (ξ) » ¡ (ν)

2

µ
2

ξ

¶ν

and note that ξ = ω/ωc, so:

d2W

d­dω
=

q2

3π2c

ω2

ω2
0

1

γ4

µ
¡(2/3)

2

¶2 µ
2ωc

ω

¶4/3

(5)

=
34/3q2

3c

ω2

ω2
0

24/3¡2γ4

γ4

µ
¡(2/3)

π

¶2 ³ ω0

ω

´4/3

=

µ
3

4

¶1/3
q2

c

µ
ω

ω0

¶2/3 µ
¡ (2/3)

π

¶2

For ω À ωc

Kν (ξ) »
r

π

2ξ
e¡ξ

and so:
d2W

d­dω
=

q2

3π2c

ω2

ω2
0

1

γ4

π3ω0γ
3

2ω
e¡2ω/ωc

=
q2

γπc

µ
ω

ω0

¶
e¡2ω/ωc (6)
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Width of the beam
Let’s define the angular width of the beam at any frequency by the relation

ξ (θc) = ξ (0) + 1
ω

ωc

¡
1 + γ2θ2

c

¢3/2
=

ω

ωc
+ 1

¡
1 + γ2θ2

c

¢3/2
= 1 +

ωc

ω
At low frequencies, ω ¿ ωc, the right hand side is large, and so we must have γθc À 1.
Then

(γθc)
3 ' ωc

ωor

θc ' 1

γ

³ωc

ω

´1/3

(7)

which is greater than the “average” value of 1/γ, while for large frequencies, ω À ωc, the
right hand side is close to 1, and so γθc ¿ 1. Then:

1 +
3

2
γ2θ2

c = 1 +
ωc

ω
or

θc =
1

γ

r
2ωc

3ω
(8)

which is less than the average value. In this case we may write

e¡2ξ = exp

µ
¡2

ω

ωc

¡
1 + γ2θ2

¢3/2
¶

= exp ¡2ω

ωc
exp ¡3

ω

ωc
γ2θ2

and thus

I (θ) = I (0) exp

Ã
¡2

µ
θ

θc

¶2
!

(9)

The beam is a Gaussian.
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4 The integrated spectrum

The total energy radiated per unit frequency is:

dW

dω
=

Z
d2W

dωd­
d­ = 2π

Z +π/2

¡π/2

d2W

dωd­
cos θdθ

Notice that our angle variable θ is the lattitude rather than the usual polar angle. Now the
emission is very small for angles θ > 1/γ, so we may approximate the integral as:

dW

dω
= 2π

Z +1

¡1

d2W

dωd­
dθ

At low frequencies the integrand is slowly varying since the Bessel functions go like small
powers of ξ, and thus small powers of the angle θ. Thus, from equations (5) and (7):

dW

dω
¼ 2πθc

d2W

d­dω
(0) ¼ 2π

1

γ

³ ωc

ω

´1/3
µ

3

4

¶1/3
q2

c

µ
ω

ω0

¶2/3 µ
¡(2/3)

π

¶2

= 2π

µ
3ω0

ω

¶1/3 µ
3

4

¶1/3
q2

c

µ
ω

ω0

¶2/3 µ
¡ (2/3)

π

¶2

= 2π

µ
3

2

¶2/3
q2

c

µ
ω

ω0

¶1/3 µ
¡ (2/3)

π

¶2

At high frequencies, we use equation (9) and (8):

dW

dω
= 2π

Z +1

¡1

q2

γπc

µ
ω

ω0

¶
e¡2ω/ωc exp

Ã
¡2

µ
θ

θc

¶2
!

dθ

= 2
q2

γc

µ
ω

ω0

¶
e¡2ω/ωc

r
π

2
θc

= 2
q2

γc

µ
ω

ω0

¶
e¡2ω/ωc

r
π

2

1

γ

r
2ωc

3ω

= 2
q2

γ2c

r
ω

ω0
e¡2ω/ωc

p
πγ3/2

= 2
q2

γ1/2c

r
ω

ω0
e¡2ω/ωc

p
π
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Alternate version of page 3

³
n̂ ¡ ~̄

´
£ d ~̄

dt
=

dβ

dt
[(cos θ ¡ β) ŷ ¡ sinθ sin φẑ]

so

n̂£
"³

n̂ ¡ ~̄
´

£ d ~̄

dt

#
= [cos θẑ + sinθ (cosφx̂ + sin φŷ)] £ dβ

dt
[(cos θ ¡ β) ŷ ¡ sinθ sin φẑ]

=
dβ

dt

·
¡ cos θ (cos θ ¡ β) x̂+sin θ cos φ (cos θ ¡ β) ẑ+ sin2 θ cos φ sin φŷ

¡ sin2 θ sin2 φx̂

¸

=
dβ

dt

£¡
¡ cos2 θ ¡ sin2 θ sin2 φ + β cos θ

¢
x̂+ sinθ cosφ (cos θ ¡ β ) ẑ+sin2 θ cos φ sinφ

=
dβ

dt

£¡
¡1 + sin2 θ cos2 φ + β cos θ

¢
x̂+sin θ cos φ (cos θ ¡ β) ẑ+ sin2 θ cos φ sin φŷ

¤

and so:¯̄
¯̄
¯n̂£

"³
n̂ ¡ ~̄

´
£ d~̄

dt

#¯̄
¯̄
¯

2

=

µ
dβ

dt

¶2
" ¡

¡1 + sin2 θ cos2 φ + β cos θ
¢2

+ sin2 θ cos2 φ (cos θ ¡ β)
2

+ sin4 θ cos2 φ sin2 φ

#

=

µ
dβ

dt

¶2
2
4

sin4 θ cos4 φ ¡ 2 sin2 θ cos2 φ + 2β sin2 θ cos2 φ cos θ + 1 ¡ 2β cos θ

+β2 cos2 θ + sin2 θ cos2 φ
¡
cos2 θ ¡ 2β cos θ + β 2

¢

+ sin4 θ cos2 φ sin2 φ

3
5

=

µ
dβ

dt

¶2 ·
sin4 θ cos2 φ + sin2 θ cos2 θ cos2 φ ¡ 2sin2 θ cos2 φ + 1

¡2β cos θ + β2
¡
cos2 θ + sin2 θ cos2 φ

¢
¸

=

µ
dβ

dt

¶2 £
1 ¡ sin2 θ cos2 φ ¡ 2β cos θ + β2 cos2 θ + β2 sin2 θ sin2 φ

¤

=

µ
dβ

dt

¶2 h
(1 ¡ β cos θ)

2 ¡ sin2 θ cos2 φ
¡
1 ¡ β 2

¢i
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