EM Waves in vacuum

S.M.Lea
2012

1 Polarization

As usual, Maxwell’s equations tell the whole tale. In a source-free region:
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i.e. both F and B are perpendicular to k, and:

kxE=wB (1)
so B is also perpendicular to E. Now if we put the z—axis along E, k= kZz, then we may
express the wave amplitudes as: .

. Eg = E1& + Eay 4

and similarly for By. Finally we may allow for phase shifts by letting E; = E;oe’?. Since
E and B are perpendicular, and have related magnitudes (by egn (1), then
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so we can focus attention on the components of E.
1.1 Linear polarization

Remember that the real physical field is the real part of the complex number. If ¢; = ¢,,
then both components of E vary in phase, and Ey/Ey = E10/Es is constant in time and
space. Thus the wave vector has a constant direction as its magnitude varies. The wave is
linearly polarized.



1.2 Elliptical polarization

If ¢, and ¢, differ by 7, then we find at z = 0:

E = Re(Epe!®1 ™Y 4+ Eyyel(P2=wt) )
= Re(El(]ei(¢1_wt):% + EQ(]ei(¢1+%7m)g) if ¢g = ¢y +7/2
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= E10 COS (¢1 — wt) X — E20 sin (gbl — wt) y = E10 COS (wt — ¢1) X + E20 sin (wt — (;51) y

As t increases from ¢, /w, E, decreases and E,, increases: The electric field vector rotates
counter-clockwise. This is an elliptically polarized wave (right-hand circularly polarized
if £19 = E29). Stick the thumb of your right hand in the direction of propagation (the
z—direction in this case) and your fingers curl in the direction that E rotates. If instead we
take ¢, = ¢ — 7, then we get:

E = Eygcos (wt — ¢) & — Eggsin (wt — ¢y) §

and the y—component becomes increasingly negative: i.e. the vector rotates clockwise. This
is left-hand circular polarization when the amplitudes F;y and Exqare equal.

1.3 Circular polarization

In the case of circular polarization, with 1y = Eyy = EO/\/Z we have
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s0 it is convenient to use the complex polarization vectors
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which have the properties
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14 General case

Any wave may be decomposed into a sum of linearly polarized waves or a sum of circularly
polarized waves. In the most general case we have elliptical polarization with the axes of the
ellipse oriented at an angle 8 to the = and y axes, where € is unknown for the moment. We’d
like to find the shape and orientation of the ellipse. It’s most convenient to do the analysis
using the circular polarization vectors (4). Let’s rewrite E (egn 2) interms of ég and é,_ :
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where

1 .
Er = — [E1p cos ¢q + Eogsin gy + i (Ergsin ¢y — Eag cos ¢y)] = |Er| R

V2
The magnitude is given by
1 . .
|Er| = 7 \/(Ew cos ¢ + Eaq sin ¢2)2 + (F1osin ¢ — Eag cos ¢2)2
I . )
= ﬁ\/EIO + B3y + 2E10Fa sin (¢ — ¢;)
and the phase by

E1osin ¢y — FEa cos ¢,
El() COS ¢1 + E20 SiH ¢2

tan xg =

For the left-hand component, we have

1 . . . i
E = 7% [E1p cos ¢y — Eagsin ¢y + i (Eqp sin ¢y + FEop cos ¢y)] = | EL| Xt

with
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If ¢ — ¢, = /2, then |Er| = Eq9 + Exoand |EL| = |Eyg — Eq| . Additionally, if
Eq0 = Esq, |EL| = 0 as expected for right circular polarization.

We may factor (5) to get:

tanx =
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where the last line defines ¢ and . In particular

_ _ _1 Erosin ¢y + Ea cos ¢y _1 Erosin ¢y, — Ea cos ¢,
a = X_— Xr = tan - — tan -
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Eiosin ¢, +FEagcos ¢y Eqgsin ¢y —FEog cos ¢y

H71 E19 cos ¢ —Eaq sin ¢, E10 cos ¢+ FEa0 sin ¢,
1+ FE10sin ¢, +Fog cos ¢y E1gsin ¢y —FEaqg cos ¢y

E10 cos ¢, —FEag sin ¢y E1g cos ¢+ E2g sin ¢y
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Expanding the circular polarization vectors in (6), we get
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The physical field is the real part:

~ E
Ephys = 7; {[cos (xg — wt) + ecos (a + xg — wt)] & — [sin (xg — wt) — esin (a + xg — wt)] 5}



with magnitude
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= \/[cos (xg — wt) + e cos (@ + xg — wt)]> + [sin (xg — wt) — esin (@ + xg — wt)]?
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= —\/1+e24+2cosla+2 —wt
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Thus )E‘ is maximum when wt = a/2 + xg and minimum when wt = /2 4+ /2 + xg. At

the maximum, E makes angle 6 with the z—axis, where

tan g — By _ sin (a/2) 4+ esin (a/2) I ®)
E, cos(a/2)+ecos(a/2) 2
and thus we have elliptical polarization with major axis rotated through angle «/2 from the
x-axis. (See eqn (7). 0 is zero if |¢p; — 5| = 7/2, as expected.) The ratio of major to

minor axes is 5 B B
max R+ £L
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Emin |ER - EL‘ ( )

where e is the eccentricity.
1.5 Results in terms of linear polarizations

The math is tougher with the linear polarizations. The analysis is at the end of these notes.
The results are as follows. Writing e; = F1/Ep and similarly for e, we have:
€1€9

tan 20 = 2—5—— cos (¢; — ¢y) (10)
€1 — €
with major axis
a= \/e% cos2 0 + e1e8in 20 cos (¢ — ¢y) + e2sin® 0 (11)
and minor axis
b= \/e% sin? 6 — ejeq sin 260 cos (¢ — ¢y) + €2 cos? 0 (12)

1.6  Stokes Parameters

What do we actually observe? We can design our detectors to measure either linear or
circular polarizations. From those observations, we would like to determine the polarization
characteristics of the observed radiation. That is, we will observe

i E=F,=ae®, §-E=E, = axe™

or
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éR-EzER:aRei , éL-E:EL:aLei
(In our previous notation (E19 = a1 and ¢, = 91, Eo = as and ¢y = J3.)

_ Er | cos® (xg —wt) + & cos? (a4 xg — wt) + 2¢ cos (xg — wt) cos (@ + xg — wi)
2\l +sin® (xg — wt) + e2sin® (a + xg — wt) — 2esin (a + xg — wt) sin (xg — wt)



The Stokes parameters are defined as:

so = |E+|E,° =a}+a} = total intensity
o= BB = a -

ss = 2Re(E;E,) = 2aiascos (62 — 1)

s3 = 2Im(E}E,) = 2a1azsin (62 — 01)

with a similar set for the circular polarizations. The four parameters are not independent:
sg = s% + s% + s%
They describe physical parameters as follows:

A= percent linear polarization
S0

From equation (10) we get

52 _ tan(2 x angle of polarization ellipse)
S1
The eccentricity of the polarization ellipse is given by (equations 11 and 12)
5 a? — b2 (a% — a%) cos 260 + 2ayas sin 26 cos (62 — 1)
e = =
a? a3 cos? 0 + ajag sin 26 cos (93 — 0;) + a3 sin? 0

(a? — a3) cos 20 + 2ayas sin 20 cos (02 — d1)

~ (a? — a3)cos? 6 + ajag sin 20 cos (53 — 61) + a3
(a? — a3) + 2a1a; tan 260 cos (6 — &1)
~ (a? —a3) (1 +sec20) /2 + ajaz tan 20 cos (05 — 61) + a3 sec 20
51+ s3/s1
51 (1 + /87 + s%/sl) /2 + s3/2s1 + (s — $1) /5% + 53/251
2o 9 si+ss _ o Vit
si+s3+soV/si+tsy Vsl ts3tso

and so on. To get this result, we used
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Check: If 01 = 0o then So = 2a1 a9 and

2 2 _ 2 2)2 2.2 _
\Vsit sy = \/(%‘az) +4ata; = so

So we get e = 1, as expected. The polarization is linear with no circularly polarized
component.

See also Pacholczyk, Radio Astrophysics, Appendix |



2 Analysis in terms of linear polarizations

We define new coordinates x’ and 3’ aligned along the axes of the ellipse. These are
obtained from the old coordinates by a rotation through angle 6:

2 =2"cos@ — ¢’ sinf
and

9 =2 sing + 4 cosd
Then the electric field can be expressed as:

—

E = Eg(acos(wt—n) &' +bsin(wt —n) ')
= FEpRe(aexpi(n—wt) ' +ibexpi(n—wt) §)

where a and b are the major and minor axes of the ellipse. Let’s start with the general
expression (where Re is implied)

—

E = Ewei(%*wt)@ + E206i(¢rwt)@
= E0e P79 (% cos O — §' sin ) +Eape’ (P27 (& sin 6 4 §' cos 0)
= % (Eloei(‘z’l*“’t) cos 0 + Eage’(?2=w) gin 0)

+3' (—Emei(‘z’l*”t) sin @ + Fapet 271 cos 9)

Then setting the two expressions for E equal, and writing e; = E10/Ep and similarly for
eo, We have:

ae™ = e1€'1 cos O + exe’®2 sin O
and
ibe™ = —e1€"1 sin 0 + exet?2 cos §
We have four unknowns: a, b, # and 7. So let’s write the real and imaginary parts of these
two relations, so we’ll have a total of 4 equations.

acosn = e1 €os ¢, cos B + ey cos P, sin b

asinn = ej sin ¢, cos 6 + eq sin ¢, sin 0

—bsinn = —ey cos ¢, sin @ + e3 cos ¢, cos
bcosn = —eq sin ¢ sin O + ez sin ¢, cos
First eliminate a and b by dividing each pair of equations:
tann = e sin ¢4 cos 0 + eg sin ¢, sin 0 _ _—€1cos ¢ sin 0 + ez cos ¢4 cos b
€1 €os ¢ cos 0 + e cos ¢4 sin 6 —eq sin ¢, sin 6 + eg sin ¢, cos 6

Now cross multiply and solve for 6 :
(e sin ¢4 cos O + es sin ¢, sin 6) (—eq sin @, sin 6 + e sin ¢, cos §)
= —(—e1cos¢ysinb + e cos oy cosb) (e1 cos ¢y cos b + eq cos ¢y sin 0)

—e?sin? ¢, cos @sin f + ejeg sin ¢, sin ¢, (COS2 6 — sin® 0) + e2 sin? ¢, sin 6 cos @

= efcos® ¢ sinfcosd + ejeq cos py cos ¢y (sin2 6 — cos® 0) — €3 cos? ¢y cos O sin O



sin 20

(e —€3) 5 = e1egcos 26 (sin ¢, sin ¢y + coS Py COS @y )
tan20 = 2-- 2 cos(¢) — ) (13)
€1 — €

Compare with eqn (7). Let’s check this answer.

If $; = ¢,,we have linear polarization. Equation 13 gives # = 0 if either of e; or
e = 0,as expected. If e; = eo, 0 = /4, and the polarization is at 45° to the original axes,
also as expected. The general case is expected to be
tanf = &
€1

But .
2sin 6 cos 2tan6 2¢e9 2eqe1

cos2f —sin®f 1 —tan®f e (1—e3/e3) €3 —e?
in agreement with equation 13.

If |¢; — ¢o| = /2, equation 13 gives 6 = 0, which means that the original axes are the
axes of the ellipse, also as expected.

Once we have 6, we can find a and b from:

a®> = (e1cos;cosl + ey cosdysinb)® + (eq sind, cos b + e sin ¢y sin §)?

tan 20 =

= 2 cos? ¢, cos? O + 2e;eq cos ¢, cos B cos By sin O + €3 cos® ¢, sin? 0
+e2sin” ¢, cos? 0 + 2e1 s sin ¢, cos O sin ¢, sin @ + €3 sin? p, sin? 0
= e2cos? 0 + ejeasin 20 cos (¢ — By) + €2 sin® (14)
and
b2 = (—e;cos gy sinb + ey cos dycosd)’ + (—eq sin ¢, sin b + eo sin ¢, cos §)>
= e2cos® ¢, sin? § — 2e1e5 cos By cos ¢, sin 6 cos O + €3 cos? Py cos® 0
+e2sin? ¢, sin? 6 — 2e; ey sin ¢y sin ¢, sin O cos O + €3 sin? ¢, cos” 0
= e?sin® 6 — ejeq cos (¢ — ¢y) sin 20 + €3 cos® 0 (15)
Finally we get n from any of the prior relations. Notice that if e; = es = ¢, then
sinf = cosf = \/5/2, and

a = c\/1+4cos(¢ — o)
b = cy/1—cos(¢) —¢y)

and again we get back the expected results for |¢; — ¢,| = 7/2 (circular polarization:
a=>b=c)and ¢; = ¢, (linear polarization: b = 0).




