Multipole fields
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1 Introduction

The big ideaisto time- transform all physical quantities, such asthe current vector and
the fields. We have

1 [t
JH(Z,t) = / JH(Z,w) exp (—iwt) dt
(@t) Vo AN (Z,w) exp (—iwt)
The wave equation for A is:
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and we aready have the solution
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whichwe may write in terms of the timetransform of J
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Now we do the integration over ¢’ :
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The Oth component is:
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Transforming the rd ations between the fields and the potentials, we get:
B(Z,w)=V x A(Zw)
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and thus ]
B(Zw) = =V x B (Tw)
w

We have 3 relevant length scales: d, the dimension of the source, A, the wavel ength, and
r, the distance from sourceto observer. The ordering of these lengths determines how we
proceed.
e d < r < A Thisisthe nea, or static region. With r < ), the exponential in
equations(3) and (2) is exp(2mir /A) ~ 1 and we get the static resultsfrom Chapter 3 for
thetime transform A (i, w) . Thus we get the static fidds, but oscillating in time.

e d< r~ A\ Theinductionzone. Thisistricky.

e d < )\ r. Theradiationzone. In thiszonethe source appears almost point-like. We
may expand the quantity |& — &’| :

Z—& = r24+22-2% 7
T
|z — &' = 1"(1— ):T—f‘-:}'s”
T
and similarly
1 1,
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Remember that we need more accuracy in the exponential than in the quantity outside
the exponential. From here onwe shall assume we are in the radiation zone.

2 The dipole fields

We put the approximationsfor |Z — Z’| into the expression for A (equation 3):

a 1 //+0<3 dwe,wtj(f’,w)exp (tkr — ikt - &) B
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Thus the time transform of A is:

- eikr
A(Zw) = -

/f(i:”,w) exp (—ikt - 7)) d* %’

where k = w/c. Now we expand the exponentid in the integrand:

1
exp (—ikf - &) = 1—ikf-f’+5(—isz-f’)2+-~-
k2
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The first termin A is:




We can simplify thisexpression by using the equation of charge conservation:
ap = =
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Taking the time transform, we have:
—iwp+V - J(Fw) =0
Now
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= J4a(VT)+ (7x9) xJ @

/auspaceﬁ(f'j)dv = /5 (;f'.f)ﬁdA:()

since J iszero outside the source. Thus:
[ waes = - [#(F-7)aw
= —i/f'wp (& w)d*T = —iwp (w)

where p’is the dipole moment of the source.

Then:
N eik’r keikr
Ay (Zw) = —i (W) = —i 5
a (Tw) = D (w) k= P (w)
. ik 1\ .
B=VxA=_—= (ik——)d’%xﬁ
r T
and in theradiation zone k > 1/r, so:
_ eikr
B =k’—%tx P
T



and then

3 Power radiated

The power radiated per unit solid angleis given by the Poynting vector:

dP ~ L
—=72|5 =T2L‘E><B’
4
The the total energy radiated is
AL +oo ~ .
= :f TQ‘EXB‘dt
™ — 00

and using Parseval’s theorem we may convertto anintegral of the transforms over frequency:
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and so )
d“w c - 2
= =k* [ x P (5)

. . . dQdw 4w )
is the energy radiated per unit solid angle and per unit frequency.

4 Periodic source

If the source is periodic, then the current must be expanded in a Fourier seriesrather than

aFourie transform. We have
+oo

J(@t)= Y, I, (Z)exp (inwot)

n=—oo

where wy is the fundamentd frequency = 27 /T and T isthe period of the source. Then the



expression for A becomes:

. too R I el ¢
A(x) = %/ S 3, @) exp ity HEZELZ D) o

& — |

n—-—oo

exp (—inwg |T — 7| /c) d>%’
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whichis aFourier series for A with coefficients:
/ E exp(—mwo|x—x|/) 37
C|x —

Following the analysis above, we find the d|pole termto be:
—iknr —iknr
- (&

. ) e
Ay 4 (Z) = —inwg

ﬁn = —iTl/fo ﬁn

where k,, = nwo/c and
i = [ @@

with p,, being the nth coefficient in the Fourier seriesfor p. Then we find the power radiated
is:

Lo pl|ixB
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Now we time average by integraing over one period 7" and dividing by 7". Then only those
terms withm = —n survive theintegration. We have:

<—>— Z kX [# x P, (6)
This equation is very similar to equation (5), but the meaning is somewhat different.
Equation (5) is the energy radiated per unit frequency — the power spectrum. On the other
hand equation (6) givesthe time averaged power in the nth harmonic for a periodic source
Note however, that the real physical frequency w,, isdescribed by both the negative and the
positive frequency +w,,,and for areal dipolep* = p_,,,80
dP’rL
—_—
ds)
In thisexpression p,, is the codficient of the exponential Fourier series. Careful use of these
expressions obviates any of the factor-of-2 problems which otherwise arise
Example: Suppose we have a pure frequency dipole: p = pp cos (wot) =

= —kL |2 x fi)? )
2T "
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Now we time average to get:
dP c R 2 Cc ~ 2
<=5 >= 2@’63 & % pol” = S—Wké | % pol

which agrees with Jackson’s equation 9.22.
Alternatively, we can use equation (7) directly. We get:

dp, c o ¢ swoNY|. Do c rwo\?t 2
<= —khE x P :—(—) px L8 :—(—) X
das) 2T " 7 Pl 2r \ ¢ ' 2 &t \ ¢ [ po
as expected.

5 Quadrupole fields
The second termin the expansion of Ais
o eik'r' .
Ay = —/J(f’,w) (—ike - &) d*7
cr
To evduate thisterm, first we work on the inetgrand. Note that
(5;*' xf) xi=JF &) -7 (rf)
Thus we can write
S T £ PPV I N
CJ(r-nc ) = QC{J(rm)—i—x (r-J) + (x X J) xr}
The antisymmetric part of this expression is

1 R B
—(g:«"x J)xf:fo

2c
where M isthe magnetization (cf Jackson equation 5.53). Thus:
e . eikr 1 Tra =/ > [ A 7 3 =/ — P
Ay = _lkr </2—C{J(r-x)+x(r-J)}dx+mxr>
= A'q +A'md

e—ikor— iwo t) > ’



where

is the magnetic dipole term and
e . ethr 1 Pon ol (s 7 3 1
A, = —ik - /%{J(r-x)—ﬁ—x (r-J)}d z
is the quadrupole term.
Analysis of the magnetic dipole term proceeds exactly as for the electric dipole term,

with p'replaced by 7 x 7. The extra cross product with # changes the directions of £ and
B, i.e. thepolarization of these fiddsdiffers from that of the el ectric dipoleterms.

. eikr eikr
Ba = k*=—%x (1 x #) = k?=— (11, — £ (1 - ¥))
T T
while
o eik'r‘
Epa = —k*=— (& x 1)

T
and the power isgiven by equation (4) or (6) with p'replaced by 7.
Now we proceed with the quadrupole term. We are supposed to do an integration by
parts, so let’s run through the usual steps. First note that:

= Jk(f":ﬁ’)—l—nck(”f)ﬁf—i-xkff‘
So
/xkji(f %) AV = /8i(kai(f~-:E'))dA:0
s
- /(Jk(fr-f)mk(f-f)v”.f+:ckf-f)dv
Then:
- . eikT 1 Fia o 1 (a T 3 =
A, = —ik - /Q—C{J(r-x)—f—x (r-J)}dac
ikr
. € R
= zkzg x(r~:z:)(V-J)dv
eik’r
= th=— | Z(F Z)iwpdV
2cr
eikr
= —k2?/f(f‘-f)pdv
Then
e e Zkg ikr a N\ A o
B=V><A:—2—Te (t X Z)(F- &) pdV
Now define the vector § (&) by
Qi:ZQijfj )
J



where @);; is the quadrupole tensor

Qij = / (33)1.%] — |3_?'|2 (5”) p(f) dg.f

Then
J
Q = /3f(f-f)pdV—f/|f\2pdV
and thus -
B': _Eezkrf‘ X Q
2r 3
and then
3 i (1) fx(fx@)\
E = E \gezkr = }
ik ikr o - S
= 67“6 T (r X Q)
and thus
W e kS foQ
dQdw 4736
_ —C 6le. a7
= TRr [P
or, for aperiodic source, the time averaged power is
dP, ¢ gl ~ |2
< T T X @

where again @, is the coefficient in the exponential Fourier series.

6 Angular distribution

For the dipole:
P
d— o« |B xﬁ\2 =p2sin?0
where 6 is the angle between p and the direction of propagation t-
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Dipoleradiation pattern

Thetotal power radiaedis:

dP, C 4o /“ )
p, = 0=— 2 1—
8 /de 5K (27) g (1-p®)dp
4
= Sk
For the quadrupol e,

dP = 2
- X |[EX @ (t)

which can be quite complicated.
Suppose a charge ¢ oscillatesalong the z—axis from z = 0 to z = a,with period 7. The

dipodemomentis:

a

" (2 +eiwt _~_€7iwt)

a
P, = z2q = q;(l + coswt) = q

and the quadrupole moments are
2

a
Qu = Qo =—-2%q= —aT (1 —|—coswt)2
a2
= —qz (1 + 2 coswt + cos? wt)
2 2wt + 1
= —qa— <1+200swt+_cos wit >
4 2
2 2wt — 12wt
(3 et e T
= q n <2 +e™" +e + 1
2 2wt —i2wt
3 . .
Qa3 = 22°q = Q% <E +et e 4 %)

The dipole power radiated is
dpb, 49

C
dQ 271_ knpn




and isall at the fundamental w = %&. We have p; = qa/4,50

dP 4 2 2.2 4
=L_= (2) (ﬂ) sin2g = 2 ao{ sin” 0

aQ  2r \c 4 32mc?
For the quadrupol e, we first eval uate the vector Q (T)
Qi = ZQijTj
J
Thus
2 3 B . 2wt —12wt
Q1 = Qi1sinfcos¢ = *Q% <5 + et 4 e %) sin 0 cos ¢
2 3 ) ) 2wt —i2wt
Q2= Qasinbsing = —Q% (5 + e e 4 %) sin 0 sin ¢
and 2 2wt 20t
3 . . 72w —i2w
Q3 = Q33 0080 = qa_ =+ et fe T+ e )eoso
2 \2 4
Then
£xQ = (sinfcosa,sinfsin¢,cos ) x (sinf cos ¢, sinf sin ¢, —2 cos ) Q11

2 3 ) )
= (3sinf cosfsin¢p, —3 cosfsin 6 cos ¢, 0) q% (5 + et el

3 3 273 . _
= (EsinQHSingzﬁ, -3 sin2ﬁcos¢>,0> q% (5 + et fem Wt 1
This vector has components & both w and 2w.
dPl C

—_ = —bf
dQ) 727

while a the second harmonic:

dP, c a2\’ (9 .,
—2 = —S(g—) (=sin226
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6 2
2 2
- L (= qa_ 2sin2 20
21 \ c 16 4

The distribution given in equation (9) is shown below:
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The total power radiated at w is the sum of the dipole and quadrupol e terms:

dp, Palut wSgZat
- = = sin” 0 + ———
ds) 32me 2048mc
2.2 4 2 2
 qfatw .9 wia® o
= _20480371' (64s1n 0+ = sin 29)

The total power radiated inthe quadrupoleis:

dP c g . - 2
P_/mdﬂ_mk/’rxcgn(r)( a9

sin? 20

where

(f X Qn (f))t = gijrTj Qrim

and thus
£ x Q, (F)

*
= EijkTj Qkﬂ"l EimnTanprp

= (6]771 6kn - djrzakm) Tijlrlererrp
= TmekaQZpTlTp - TijszQ;pTsz
= Nrp (leQZp - TijleQ;p)

— — — 2
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r-Q

The angleintegrds give:

/rlrpéfl =

{ (2 ?f lorp=1,2andl #p in
ng !f lorp=1,2andl=1p :?511,
( 2rs if I=p=3

while for

TITpT T d€2

we notethat if any of theindicesl, p, j, m = 1 or 2, then one more of them must also equal
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that same index to survive the integration over ¢. We need the results

27 2
/0 cospdyp = /0 sinpdo = 0
27 2T
/ cos? pdgp = / sin® ¢dp = 7
0 0

27 2m
/ cos® pdgp = / sin® ¢d¢ = 0
0 0

27 2T
/ cost pdp = / sin* pdg = =
0 0

™

2
/ sin pcos® pdgp = —
O 4

Each of the components of + also contains either sin 6 or cosd, and since we need an even
number of sing and cos ¢ terms, we never have an odd power of sinf,so we need:

+1
2
4
dp = =
|t = 2
+1 3 5 t+1
2 2 2 K 4
1—pHdp = =-=| =—
/4u( p*) dp i I T
+ 16
1-p2)’dy = —
/1( ) =g

These couple as follows:

J m=t if 2ofindices = 1,2 and 2 indices = 3
27r:52 if allindices=3

/”’”f”"f“"dQ =9y 2L it 2indices = 1 and 2 indices = 2

| &% it allindices = 10r2.

Thus we may write:

4
/rlrprjrmdQ - 1—;7 (81p8;m + 013 0pm + O1mbip)

C
P - ?kﬁ [ (Qua, - rjrm@mz@m a9

= l:leQkp 3 le@ ((Slp im + 5l] 5pm + 5lm5jp)j|

2r T
C 6 4 Qmp Qmp QmJ le Qmm Q;p
= Qkakp -
7277 5 5 5
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But Q);; is traceless, so the last term is zero.

wé 3 "
< Pu>= 54C5EQkPQkp
wg 2
= WZ\QWI (10)
k,p

Let’s recal culate the power radiated by our oscillating charge. The quadrupole term at 2w
gives

90c5 16
_ 1 W oy

= =41

60 c°
Now compare with the integral of our previous term (9)

< Py>= ()" <q“—2)2 1+1+4]

6.2 4
< P >:/“ 42 in%26d0)

128
w6q2a4 +1
= 2 4 (1 —p?) p*d
e W)[l (1 —p) p*dp
wlq2at 4
— ——(2r) (4) —
T rAOAT
_ LM_G 2 4
60 c®
while a the fundamental
wlqg?a? 9 WSq2at 327 1 wb
< P, >= 12 20d() = e — e 2 4
! /5120571' St 51207 15 240 & 1 ¢

and the total power formulagives:

wb a? 2 1 Wb
Py e (=) (141+44) = —=2g%*
< C= 500 (q4) (L+1+4)=55F0e

These expressions agree.
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