Physics 704 Notes Sp 2012

1 Current Flow Problems

The current density ; satisfies the charge conservation equation

dp

5 V- i=0 (1)

and thus in a steady state, j’is solenoidal:

—

V-j=0 (2)

In a conducting medium, we may relate 5 to the electric field through the con-
ductivity o : . .
j=0ck=—-0V®

At a boundary between two different media, integration of equation (2) over
a pillbox straddling the boundary gives

-7 is continuous across the boundary (3)
and continuity of tangential E also gives
{-V® is continuous across the boundary
which in most casesis equivalent to!
® is continuous across the boundary (4)

Notice that the boundary condition on normal j (3) implies that Fy o is
NOT continuous, and thus there must be charge on the boundary. This charge
is the source of the fields that direct the current flow.

1.1 Example

An infinite, plane, conducting sheet with conductivity o1 contains a circular
region of a different metal with conductivity oo and radius a. Current enters
the sheet at x = —oo flowing in the z—direction

-

J (@ — —o0) = joi

Find the pattern of current flow in the sheet.

1 See Jackson §1.6 for a discussion of cases where ®is not continuous.
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First note that if oy < 02, we expect current to flow inwards through the
more conducting circular region, but if 01 > o4, we expect current to flow around
the more resistive "obstacle" (current follows the path of least resistance).

In both of the regions p > a and p < a (but not at p = a) the potential
satisfies Laplace’s equation, and thus the solution is of the form (Jackson 2.69).
In the inner region we exclude the logarithmic term and the negative powers of
p because they diverge at the origin.

oo
(p<a) Z P (Cm cOoS M + by, SinMgh)
m=1

In the outer region one positive p term is necessary because we need a uniform
clectric field Ey = Jo /o1 in the x—direction to drive the current at infinity.
The first term in the potential (—jox/o1) describes this field. We exclude the
logarithmic term and the other positive powers of p because they diverge at
infinity.

O (p>a)= jOpCOS¢ + Z P~ (dm cOSMY + €4y SINTMP)

Next we apply the boundary conditions at p =a :
Continuity of & :

o)
Z a™ (¢m cosme + by, sinme) = _ Joacos ¢+ Z a~" (dy, cosme + e, sinmo)

m=1 m=1

Making use of the orthogonality of the sines and cosines, we have

amcym, = a "dy m>1 (5)
' d

ac; = —j(;)—a—l—;l (6)
1



and
a"lbm — a—"lem (7)

Continuity of j,, = j, = 0E, = —00®/0p :

(o) o0
—09 Z ma™ " (¢, cosme + by, sinme) = jg cos p+o; Z ma~"™" (d, cosme + e, sinmao)
m=1

m=1

Using orthogonality of the trig functions, we have:

—goma™ e, = oyma ™, m>1 (8)
—02C1 = j() + 0'10,72d1 m=1 (9)

and
—goma™ b, = oyma ™ ey, (10)

The only solution to equations (5) and (8) is ¢, = dy,, = 0, m > 1. Similarly,
from equations (7) and (10), b,, = e, = 0. We should have expected this result
as the input to the system (the current at infinity) is an m = 1 mode. The
remaining equations give

j d . d
—09C] = —02 (J—O + —1) =Jo +O’1a—;

o1 a?
So .
4y = 20”02 =) (11)
01 g9 +G’1
and then
j d
1 = —]—04-—;
g1 a

_Jo o (o2 —01)
o1 o1 092+ 01
_Jo [(o2+01) — (02 — 01)

g1 0'2+0'1
_ %o
o9+ 01
Thus the potential is
2jo 270
d <a)=-— cosp = —
2 (p ) 0'2+O'1p ¢ o2+ 01

and ' 5 .
_Jopcos¢ a” jo (02 —01)

(0] > =
1(p a) o1 p o1 02+ 01

cos ¢



The current is given by

- - 2
o2+ 01
. (oa—0o1)a? [, 5
= i+ 0 2L (o + bsing) p>a
o2+ 01 P

The current for p < a is uniform and ‘j is > jg if 09 > 01 but < jg if 09 < 07,
as expected. Outside the circle, (p > a) and for cos ¢ positive (positive z, i.e.
to the right of the circle), j, is positive if 9 > o1. Thus current lines converge
inward to the circle for negative = and move back outward for positive z. Again

this is what we expected.

1.2 Plotting the flow lines.

Remember we can use a complex potential for 2-D problems (Lea §2.4), x =
® + 77, and the imaginary part ¢ = constant will give us the flow lines. Here
there is an extra subtlety because j = —06@, so o1 gives the current flow lines.
We have, with r = p/a, and £ cos¢ = Re [1/ (re'?)] =Re(1/z)

. 20, .
x=®+ip=-22 ”ij‘?”lz ) e
oo—0 .
01 Zfzﬁ Zf r>1

where 1 1 1
- = :;e*w:;(cosgb—isin(ﬁ)
and thus
292 rsin ¢ if r<l
o = —jo 1 e
rsm(b(l—&-r—z,g;ai) if r>1

If 03 — 0 no current flows through the circle and we retrieve the solution in
Lea Ch2 for fluid flow around a cylinder. If o5 — o7, we retrieve the expected
undeviated current flow. For r < 1,

. —03 02 + 01
Yn =TSN = ————

Joa 20’2
So values of 5
k= _’(/}U <L:kmax
Joa o9+ 01

correspond to current flow lines that pass through the circle. The corresponding
value outside the circle is

k _ Yin 202
14 Llo2mo) 14 1 (02=01) gy + 0y

r2 o940 r2 o940

Yout = Tsin g =



Thus
Yout 202
—_
Yin 02 +01
and this ratio is > 1 if o9 > 01, as expected.
Plot for o3/01 = 2

asT”r — o0

b — %r sin ¢ if r<l1
o rsingb(l—i—g%) if r>1
Thus the flow lines are given by:

3 k
r(¢) = Zsin¢ r<l
3k 4+ 1/9k2 — 12sin° ¢

<1
6sin ¢ "

—circle
—1
—05
15
—2

The line charge density at the circular boundary may be found from the
normal component of F. If ¢ is the thickness of the sheet, then

A
(Epl_Ep2)|p:a = 6_075
o . _ 9
_ JoCOb¢+J_0(02 Ul)cos¢— Jo cos ¢
o1 o1 02+o01 o2+ 01
Jo cos ¢

= — — -2
01(02+01) <02+01+02 o1 01)

P tQjoEoCOng) <020'1>

o1 o2+ 01

Check the dimensions! A is zero at the top and bottom of the cylinder where j
is tangent to the circle, and is zero everywhere if 09 = 01. When the uniform
field is turned on, it takes a very short time (~ a/c) for the current flow to build
up the charge at the boundary, at which point a steady state is achieved.



