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ABSTRACT

As dust settles in a protoplanetary disk, a vertical shear develspecause the
dust-rich gas in the midplane orbits at a rate closer to true Keprian than the
slower-moving dust-depleted gas above and below. A classicadlysis (neglect-
ing the Coriolis force and di erential rotation) predicts that Kelvin-Helmholtz
instability occurs when the Richardson number of the strati edshear ow is
below roughly one-quarter. However, earlier numerical stue showed that the
Coriolis force makes layers more unstable, whereas horizainshear may stabi-
lize the layers. Simulations with a 3D spectral code were used haovestigate
these opposing in uences on the instability in order to resolve ether such lay-
ers can ever reach the dense enough conditions for the onset Hvigational
instability. 1 con rm that the Coriolis force, in the absence d radial shear, does
indeed make dust layers more unstable, however the instabiligets in at high
spatial wavenumber for thicker layers. When radial shear is imbduced, the on-
set of instability depends on the amplitude of perturbations: sall amplitude
perturbations are sheared to high wavenumber where furtheravth is damped,
whereas larger amplitude perturbations grow to magnitudethat disrupt the dust
layer. However, this critical amplitude decreases sharply fahinner, more un-
stable layers. In 3D simulations of unstable layers, turbulence ires the dust
and gas, creating thicker, more stable layers. | nd that layersvith minimum
Richardson numbers in the approximate range 0.2 { 0.4 are st&bin simulations
with horizontal shear.
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1. INTRODUCTION

It is a remarkable fact that planets start out as microscopic @ins within the proto-
planetary disks of gas and dust in orbit around newly-formed ptostars, somehow growing
roughly 10%° orders of magnitude in mass in a period no more than 1§ears corresponding
to disk lifetimes (Lissauer 1993). There is no one physical pr@sethat can explain growth
over this enormous range of sizes: the very smallest grains (noicrto millimeter sizes) can
grow via collisional agglomeration in which the sticking mea@mnism is electrostatic in nature;
whereas, on the other end of the size spectrum, objects in theddieter to tens of kilometers
regime can grow via gravity-enhanced collisions (Beckwith al. 2000). The least understood
stage of growth is how millimeter-size particles grow to kiloeter-size; grains in this regime
are too large for sticking via electrostatic forces, yet far togmall to have any signi cant
self-gravity. Even more problematic is the fact that particks in this intermediate-size regime
are strongly a ected by aerodynamic drag of the surrounding ga meter-size objects, for
example, have radial drift speeds on the order of 4@m/s at 1 AU and thus spiral inward
onto the protostar on the timescale of a few hundred years (Weadschilling 1977). Whatever
process is responsible for grain growth through this range of e&must act on timescales
faster than this inspiral time if any raw materials are to be avdable to build protoplanets.

Goldreich & Ward (1973) and Safronov (1969) proposed that a methin, very dense
sheet of settled dust in the midplane of the protoplanetary disk ight be be gravitation-
ally unstable; the nonlinear evolution would result in the lagr clumping-up directly into
gravitationally-bound kilometer-size planetesimals on a miescale of order the orbital pe-
riod. According to this scenario, there is a direct jump from snibpatrticles to kilometer-size
planetesimals without growing slowly through the intermedite sizes which have very short
orbital decay timescales. As attractive as this mechanism is f@lanetesimal formation, a
signi cant obstacle is turbulence which can stir and mix the dustvith the gas and prevent
the dust layer from settling into a thin enough, dense enough shefr the gravitational
instability to operate (Weidenschilling 1980).

Even in the absence of any mechanism to drive turbulence, the gty of the dust
particles into a thin sublayer in an initially laminar midplane would create a vertical shear
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that might be unstable to Kelvin-Helmholtz instability. Because of a relatively weak outward
radial pressure gradient, pure gas in a protoplanetary disk oits the protostar at a rate
slightly slower than true Keplerian: Vgas = Vk (1 ), where 10 3 for typical conditions
at 1 AU (Adachi et al. 1976; Weidenschilling 1977). Pure dust, ithe absence of any gas,
would orbit exactly at the Keplerian rate. One can show that irthe limit of perfect dust-gas
coupling, the orbital velocity of a mixture of gas and dust is dunction of the local dust-
to-gas ratio (Adachi et al. 1976); as dust settles into the midphe, the dust-rich gas in the
midplane orbits faster than the dust-depleted gas above and lbe/ the midplane. Two- uid
(gas and dust) numerical simulations by Cuzzi et al. (1993), Gimpney et al. (1995) and
Dobrovolskis et al. (1999) suggested that turbulent di usion wald prevent settling of grains
into thin enough sheets for gravitational instability.

The onset of Kelvin-Helmholtz instability is determined by a cmpetition between the
stabilizing e ects of strati cation and the destabilizing e ects of vertical shear. If there
is no rotation and no horizontal shear, then a necessary (but nau cient) condition for
instability is the Richardson number criterion (Chandrasekha1960; Drazin & Reid 1981):

2

instability:  Ri(2) - 55=gpz

<Rigt 0:25 for some z, (1-1)
where N is the Brunt-Vaisala frequency (the frequency of buoyant scillations of a stably-
strati ed medium) and dU=dzis the vertical shear. The critical Richardson number of one-
quarter corresponds to a state in which the kinetic energy of #éhvertical shear is su cient
to lift the heavier gas out of the gravitationally potential well and remix it with the lighter
overlying uid. Assuming that dust would settle into thinner and thinner layers down to
the limit set by the classic Richardson criterion, Sekiya (1998)Sekiya & Ishitsu (2000),
and Youdin & Shu (2002) determined critical vertical quasi-guilibrium dust pro les and
investigated the conditions necessary for such layers to be gtationally unstable. Garaud
& Lin (2004) pursued two- uid linear calculations (without rotation and radial shear) of dust
sedimentation into sheets and found that the Kelvin-Helmholtmstability was excited before
gravitational instability unless the global dust-to-gas rato was greatly enhanced over solar
abundance. Youdin & Chiang (2004) suggested that such enhancamts might be attainable
because the inward drift speed decreases as particles migrateard, resulting in \particle
pile-ups."

It is not at all clear whether the classic Richardson number crérion is appropriate for
the Kelvin-Helmholtz instability in protoplanetary disks in which both rotation and radial
shear could signi cantly a ect the onset of instability as well & alter the nonlinear evolution
of any instability that develops. Ishitsu & Sekiya (2003) pursuea purely linear analysis to
study the e ect of radial shear on the time evolution of unstableélelvin-Helmholtz modes
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and showed that the modes were sheared to higher spatial waveragnand could eventually
be stabilized. On the other hand, Gomez & Ostriker (2005) invgtigated the e ects of the

Coriolis force on the onset of instability, and found that seted layers were unstable at much
higher Richardson numbers (corresponding to thicker dust lag® than in the classic case.
However, these simulations were two-dimensional and did not inde the radial shear.

The motivation for this work is to investigate the apparently opposing in uences of
rotation (destabilizing) and radial shear (stabilizing) on the Kelvin-Helmholtz instability of
settled dust layers and resolve whether or not such layers can eveach the thin enough,
dense enough conditions for the onset of gravitational instdly. Apart from the impact of
Kelvin-Helmholtz instability on the formation of planetesimds, it is important to determine
the vertical distribution of dust in order to correctly interpret observations (Brittain et al.
2005; Rettig et al. 2006; Dullemond et al. 2007). The apprdacve take here is that the
dust is perfectly coupled to the gas; in terms of timescales, thadtion or stopping time (see
(2-8) below) is much shorter than the evolution of Kelvin-Helrholtz instabilities if they are
present. We will not simulate the formation of the dust layer fran a well-mixed state, but
assume that the layers have already formed with a given pro lefdhe dust-to-gas ratio. If
the layer turns out to be unstable on a fast timescale, it impliethat such a layer would never
have formed in the rst place. Inx2, we present equations for the hydrodynamic evolution of
settled dust layers in the limit of perfect dust-gas coupling.n x3, we revisit the cases of (i)
no rotation, no shear, and (ii) rotation, no shear. Inx4, we present new three-dimensional
simulations of the evolution of settled dust layers with both rtation and shear. Finally, in
x5, we discuss the impact of these results on the planetesimal fotma via gravitational
instability.

2. SINGLE-FLUID EQUATIONS FOR PERFECTLY COUPLED GAS &
DUST IN 3D CARTESIAN SHEARING BOX

2.1. Equilibrium for a Gas Disk

Consider the time-independent, axisymmetric azimuthal ow/ of gas around a proto-
star of massM »:
1
—f=r + —r pg; (2-1)
r 9
where (; ;z ) are prorgostar-centered cylindrical coordinates with cogsponding unit vectors
;% 2), = GM,= r2+ z2is the gravitational potential, G is the gravitational constant,
and 4 and py are the equilibrium gas density and pressure. Protoplanetaryisks are ther-
mally cool in the sense that the gas sound speeglis much slower than the Keplerian orbital
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velocity Vi (r) r (r) P GM,=r. Hydrostatic balance implies that the time it takes
sound waves to traverse the thickness of the disk is of order thebdrl period; thus, cool
disks are geometrically thin (see Frank et al. 1985):

G kHg; (2-2a)
cs=\k Hg=r < 1; (2-2b)

where Hy is the vertical pressure scale height. In cool disks, the radial mponent of the
protostellar gravity nearly balances the centrifugal forcebut because of the relatively weak
outward radial pressure force, the gas orbits at slightly slowahan the Keplerian velocity
(Adachi et al. 1976; Weidenschilling 1977):

(r,z) k(ML (rn2)]; (2-3a)

(@=@)=g , ;3 Z 2 4
; = —=—"—_=+2 _ 4 : -
(n2) 2GM ,=r? 4o oo (2-3b)
where the fractional deviation from Keplerian is 2 1. Depending on the disk model,
typically takes values between 1 10 ? at r =1 AU, and the Mach number for the
maximum deviation from Keplerian is of orderV¢=¢ 0:1

In contrast to a pure gas disk which orbits at a slightly sub-Keplgan speed, a disk
of pure (\pressureless") dust orbits at the full Keplerian speed. Asdust sediments into a
thin sheet and creates a vertical shear, we expect that Kelvidelmholtz instabilities might
potentially develop when the local dust-to-gas ratio d= ¢ In the midplane approaches
of order unity:
0 (z=0) 1 when Hq=Hgq = g (2-4)

where 4 is the local mass density of dustHq is the scale height of the dust sub-layer, 4

is the surface mass density of dust andg is the surface mass density of gas. When Kelvin-
Helmholtz instabilities do develop, the horizontal and vertial scales of the fastest growing
unstable modes are typically of order the thickness of the shetyer: ( r,r ; 2)

Hqs H 4. We can divide the velocity into two components: the velocityacross the region
of interest due to the Keplerian shear Hy g H g C s, and the di erential velocity
between the settled dust sub-layer and the dust-depleted gas aleaand below the midplane
v Vg Cs. The Mach number of the ow is thus: =max(; ).

Motivated by this dimensional analysis, we simulate the dynamsconly within a small
patch of the disk t  ro;ro( 0:;2)! (Xy;z) Hgq H 4 that co-rotates with the gas
at some ducial radiusry with angular speed ¢ ko(1 0), Where ko k (ro) and

0 (ro; z=0). The tidal term (i.e., the remainder after the near canckation of the inward
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radial protostellar gravity and the outward centrifugal force) and the equilibrium pressure
gradient are given by:

Q@

ot Er = ERolo 3x=rg 2,+0 2% 3; 4 (2-5a)
1
—%gr = Rofo20+0 2% 3 (2-5b)
g
1
_%z = &0 Z=p+ O 22 (2-5¢)
g

In this work, we assume the background gas temperature is spdityaconstant, T = Ty, SO
that the gas pressure gradient can be written in terms of the gaensity gradient:  pg)= ¢ =
RTor In 4, whereR Cp Cy is the gas constant. The equilibrium gas density is thus:

o(X;2) = oexp x= g4 Z°=2H? ; (2-6a)
HZ R To= %o (2-6b)
g R To=2 %o ofo=(Cs0=2 oVko)Hy: (2-6¢)

2.2. Dynamic Equations for Gas & Dust

The Euler equations for perfectly coupled gas and dust in theD3Cartesian shearing
box are:

dv 2 2 2 :

a = 2 K02 v+ 3 K oX 2 kolo o R K022 (g_l_—d)r Pg: (2 7a)
d_tg = v (2-7b)
dg _ ]

= = J OV (2-7c)
d

d—stg = 0; s; Cvin(py 4 )+ Sgo (2-7d)

wherev is the velocity of a parcel of gas and duspy, 4, and sy are the pressure, density,
and entropy of the gas; 4 is the density of the dust; Cp=Cy is the ratio of speci c heats
at constant pressure and constant volume; the advective or Lagrgian derivative is de ned
d=dt (@=@tv r ). The key di erence between the dynamics of the gas and thatf ¢the
dust is that we treat the dust as a cold, pressureless uid.

The dust continuity equation can be recast in terms of the locatlust-to-gas ratio:
d =dt =0, that is, the local dust-to-gas ratio is an advectively consged quantity, meaning
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that a parcel of uid maintains its dust content. This is simply a consequence of the perfect
coupling assumption which does not allow the dust component toiglapart from the gas
component. This approximation is valid if the stopping timets (the e-folding time for a
particle's velocity to match that of the surrounding medium kecause of frictional coupling)
is much shorter than the timescales of interest for Kelvin-Helnditz instability. For small
particles for which the gas mean-free-path is larger than éhsize of the particles, Epstein
drag sets this timescale (Cuzzi et al. 1993; Garaud et al. 2004)

sa= ¢GCs

a r o 3=2
— 3 .
tS;epstein —torb 2=

10 — ;
K lcm 1AU

(2-8)

where s and a are the solid density and radius of a dust grain, andy and cs are the gas
density and sound speed.

Because we expect the Kelvin-Helmholtz instability to set in atdw Mach number
max(; ) 1, we invoke the anelastic approximation for the gas ow. We @®mpose the
gas pressure and density into their equilibrium components (deted with overbars) and
uctuating components (denoted with tildes): py = pg+ 95, ¢ = ¢+ ~g. At low Mach
number, the uctuating components should scale asp,=p; = ¢ 2 << 1. The gas
pressure gradient and gas continuity equations can then be expled:

1 1 1 - 1
—I Py =rpgt —rpy ——rpg 1+0(% ; (2-9a)
g g g g g

0 r (gv)] 1+0(? : (2-9b)

The anelastic approximation has been used extensively in the sy of deep, subsonic
convection in planetary atmospheres (Ogura & Phillips 196230ough 1969) and stars (Gilman
& Glatzmaier 1981; Glatzmaier & Gilman 1981a,b). Barrancotel. (2000) and Barranco &
Marcus (2000, 2005, 2006) previously used the anelastic appnoation to study 3D vortices
in protoplanetary disks. One of the consequences of this appmmation is that the total
density is replaced by the time-independent mean density in ghmass continuity equation,
which has the e ect of Itering high-frequency acoustic wave and shocks, but allowing slower
wave phenomena such as internal gravity waves.

The dynamic equations for coupled gas and dust with the constatemperature back-
ground and anelastic approximation become:

dv

T
5 2 k2 Vv+3 ﬁoxk‘+_|_—2§0roo>’<‘+ o2 1 I

! 0 #
-r.

+1
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0= r v (2-10b)
d
a = 0; d|: 9 (2-10c)
dT T
CPE = 1+ T V 2 Zolo R+ o2 ; (2-10d)
By = ~gRTo+ ¢RT; Ry py= g (2-10e)

When the background temperature is spatially constant, the gaenthalpy turns out to be
be a more useful quantity than the gas pressurdly py;= 4. These equations are almost
identical to the anelastic equations in Barranco & Marcus (25, 2006), with the addition of
a nonlinear forcing term for the inertia of the dust.

The above set of dynamic equations allow the following steadyate equilibrium (de-
noted with the dagger symbol):

0 = v/=Vv=T (2-11a)
Y(2) arbitrary ; (2-11b)
V(x;z) = 2 kox+ @ ro o (2-11c)
y (X > KO Y(Z2) + 1 kolo o0s
@ny(2)
éz = Y(2) 2.2 (2-11d)

In the limit where we take 4!1 and neglect the radial variation of the background
gas density and radial component of the gas buoyancy, one caerige the following global
energy balance equations:

y4
KE 21+ ) gv vdV; (2-12a)
ZANY i
PE g ko 2o oX+ 3z 3x* +Cp 4T dV; (2-12b)
d ' z
a(KE +PE) = 2 kobx [(A+ ) gWwWlix=+ L= dydz

S Z
2 ﬁoro 0|—x [ g \ x]jx:+ Lx=2 dde; (2'120)
S
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2.3. Brief description of numerical method

Here we brie y describe the numerical method; a more detailedrgsentation can be
found in Barranco & Marcus (2006). We solve the dynamic equatns (2-10) with a spectral
method; that is, each variable is represented as a nite sum of big functions multiplied by
spectral coe cients (Gottlieb & Orszag 1977; Marcus 1986; Carto et al. 1988; Boyd 1989).
The choice of basis functions for each direction is guided byéd corresponding boundary
conditions. The equations are autonomous in the azimuthal oadinate y, so it is rea-
sonable to assume periodic boundary conditions in this direoti. However, the equations
explicitly depend on the radial coordinatex because of the linear background shear. We
adopt \shearing box" boundary conditions: q(x + Ly;y (3=2) oL«t;z;t) = q(x;y;z;t),
where q represents any ofv, A, T, etc. In practice, we rewrite the equations (2-10) in
terms of quasi-Lagrangian or shearing coordinates that advewith the background shear
(Goldreich & Lynden-Bell 1965; Marcus & Press 1977; Rogalld®81): t° t, x° x,
yO y+(3=2) oxt, and z° z. In these new coordinates, the radial boundary conditions
become: q(x°+ L,;y%z%t9 = q(x®%y%z%t9. That is, shearing box boundary conditions
are equivalent to periodic boundary conditions in the shearg coordinates. Physically, this
means that the periodic images at di erent radii are not xed but advect with the back-
ground shear.

In the shearing coordinates, the equations are autonomous ioth x° and y° (although
they now explicitly depend ont%, making a Fourier basis the natural choice for the spectral
expansions in the horizontal directions:

X 1,040 ;0,0
ax%y%z%t9 = Qe dyY (29 (2-13)
k

where g is any variable of interest, f §(t9g is the set of spectral coe cients, andk =
fkg; ks ng is the set of wavenumbers. We have implemented the simulationstvtwo di er-
ent sets of basis functions for the spectral expansions in the tieal direction, corresponding
to two di erent sets of boundary conditions:

() For the truncated domain L, z L,, we use Chebyshev polynomials: ,(z) =
Th(z=L,) cosf ), where cos 1(z=L,). We apply the condition that the vertical
velocity vanish at the top and bottom boundaries:v,(x;y;z= L,;t) =0.

(i) For the in nite domain 1 <z < 1, we use rational Chebyshev functions: ,(z) =
cosf ) (for vy, vy, and all the thermodynamic variables) or ,(z) = sin(n ) (for v;), where
cot 1(z=L,). In this context, L, is no longer the physical size of the box, but is a
mapping parameter; exactly one half of the grid points are wiin jzj L., whereas the
other half are widely spaced in the regioh, < jzj < 1 . No explicit boundary conditions
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on the vertical velocity are necessary when we solve the equasoon the in nite domain
because the ,(z) = sin(n ) basis functions individually decay to zero at large.

The equations are integrated forward in time with a fractioal step method: the nonlin-
ear advection terms are integrated with an explicit secondrder Adams-Bashforth method,
and the pressure step is computed with a semi-implicit second-@mdCrank-Nicholson method.
The time integration scheme is overall globally second-ordaccurate. Unlike nite-di erence
methods, spectral methods have no inherent grid dissipation; @y cascades to smaller and
smaller size scales via the nonlinear interactions, where it cdpile-up" and potentially
degrade the convergence of the spectral expansions. We employ ¥ hyperviscosity or
low-pass lter every timestep to damp the energy at the highest avenumbers.

Di erent horizontal Fourier modes interact only through the nonlinear advective terms;
once these terms are computed, the horizontal Fourier modeancbe decoupled. This mo-
tivated us to parallelize the code: each processor computes ardi erent block of data in
horizontal Fourier wavenumber space. Parallelization is iplemented with Message Passing
Interface (MPI), typically using between 64 and 512 processor$Vall-clock time scales in-
versely with number of processors, indicating near-optimal paltelism; timing analyses are
presented in Barranco & Marcus (2006).

3. REVISITING THE CASE OF NO DIFFERENTIAL ROTATION

The linear stability of settled dust layers to Kelvin-Helmholtzinstability has previously
been investigated by a number of researchers (Sekiya 1998;igel& Ishitsu 2000; Youdin
& Shu 2002; Garaud & Lin 2004; Gomez & Ostriker 2005); howevemlmost all of these
analyses neglected the role of the di erential rotation in tle protoplanetary disk. If one were
to directly linearize the equations (2-10), one would nd tle resulting set to depend linearly
on the radial coordinatex because of the shear, making it di cult to apply periodic boundary
conditions in the radial direction. Alternatively, one coutl employ a set of coordinates that
advect with the background shear (Goldreich & Lynden-Bell 185; Marcus & Press 1977;
Ryu & Goodman 1992), but then the resulting linearized equatins would explicitly depend
on time. Ishitsu & Sekiya (2003) employed this approach using anitial-value code to
address the e ect of horizontal shear on unstable eigenmodestive small-amplitude, linear
regime. They found that modes grew for a limited period of tim, but were eventually
stabilized as they were sheared out to high spatial wavenumbeNo matter the approach,
the linear stability analysis is di cult to treat analyticall y, motivating theorists to tackle
the problem without the background shear with the hope that tle results are qualitatively,
if not quantitatively, useful in determining whether or not the Kelvin-Helmholtz instability
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is a barrier to further settling.

In this section, we briey revisit the case of no radial shear, rstwithout, and then
with the Coriolis force. We will neglect thex (radial) dependence of the background gas
density (setting 4!1 ), which eliminates the radial component of gas buoyancy. We
assume eigenmodes of the foroi(t; x;y; z) = o{z)exp( it + ikyx + ikyy). The linearized
equations corresponding to (2-10)ithout radial shear and radial gas buoyancy, are:

ik 2 24 of

ivO =  W(2)iko\O+ o M™x o 2 koofo a ]

v vy (2)ikyVi +2 koVy N +# VD) i+ YOF (3-1a)
dwy ik

ily 0 — 0 y ; 0 y 0 y 0. _

iv g 2 koVx  W(2)ikyvy 3 Vv, —[1+ D] h™, (3-1b)
— 2 0 2

4y 0 — Y(\ile \/0 (@=@z , K 04 L K 02 )

e s WA gy iv @ T Gro@
TO TO R din

| — = Yy iko—+ ————7 9 0 -
[ T vy(z)lky_l_0 Co  az as (3-1d)
it %= W>2ik, ° d’ vo: (3-1e)

y y dz %
. . @ diIn
— 0 0 9 0.
0 = ikyvy + ikyvy + @Z+ iz Vv, (3-1f)
One can eliminateT%and °from the equation forv?, yielding:
n #
: : il +w(2)iky, @B 2.z R din dVY

I+ Y 2.0 y y + KO 94 0. (3.

vy v i+ @] @z i+ (@] G dz & dz ‘=P
This form allows us to easily identify the Brunt-Vaisala frequency:

N2 = %OZ idln 9 4 ﬂ . (3-3)

[1+ Y(z)] Cp dz dz

Before proceeding with the linear analysis, we must specify therfn of the vertical
distribution of dust. We choose a Gaussian pro le for the local dusib-gas ratio:

H

d

Y(z2)= Yexp z°=2H? ; ¥ _gH_: H? Hyg? H% (3-4)

where we have de ned the midplane dust-to-gas ratiog, the initial Gaussian scale height

for the dust density Hgy, and the initial Gaussian scale height for the dust-to-gas ratiél .

The gradient Richardson number (1-1) for a Gaussian distributio of dust is:
" #

oMo ° H [+ @P R 1 H °

o H, @ ¢ @ n, &Y

Ri(z) =
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Fig. 1.| Gradient Richardson number (3-5) for Gaussian pro les of the local dust-to-gas ra-
tio . For these three curves, 4= ¢ =0:01, ¢Vko=Go = 0:1, andHy=Hg4 = 0:04; 0:02, 0:005,

corresponding to peak dust-to-gas-ratios of} = 0:25,0:50,2:0. For { = 1=2, the Richard-

son number is at a minimum right at the midplane £=0) and is nearly constant throughout
much of the dust layer before rising sharply at the edge of the dudistribution. For { > 1=2,

the Richardson number is still relatively constant throughouthe core of the layer, although
the minimum has shifted o the midplane.
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In Figure 1, we have graphed the gradient Richardson number thi 4= 4 = 0:01 and
oVk0=Go = 0:1, for a few di erent dust scale heights. For 5 = 1=2 (H4=Hgy = 0:02), the
Richardson number is at a minimum right at the midplane £ =0) and is nearly constant
throughout much of the dust layer before rising sharply at the ege of the dust distribution.
For 3> 1=2 (H4=Hq4 < 0:02), the Richardson number is still relatively constant througout
the core of the layer, although the minimum has shifted o the rdplane. For very thin dust
layers, we can ignore the gas buoyancy near the midplane (j.the R=C, term on the far

right of equation (3-5)); the minimum gradient Richardson nmber is thus:

( q_—
oMo 2 H ?  (7=4) at z= H 2Ih@Y) for Y>1=2

Rimin =
min Ceo Hyg (1+ 36)3: )6 at z=0 for %< 1=2:

(3-6)
It is interesting to note that for dust-rich layers ( { > 1=2), the minimum Richardson number
is independent of dust-to-gas ratio.

We numerically solve the eigenproblem (3-1) for the complexefjuencies! with a
Chebyshev spectral method in which the top and bottom boundas are mapped to in-
nity (Barranco & Marcus 2006; Boyd 1989; Cain et al. 1984). Bcause we are neglecting
di erential rotation, we invoke Squire's theorem which staes that two-dimensional eigen-
modes are more unstable than three-dimensional ones (Squi@32; Chandrasekhar 1961;
Drazin & Reid 1981), and so sek, = 0. We also restrict our analysis to modes for which
the dust-to-gas ratio perturbation °is an odd-function of the vertical coordinatez.

3.1. Case of no Coriolis force and no horizontal shear

Figure 2 shows the growth rates (imaginary part of the complegigenvalue! ) for the
case where the Coriolis force is turned-o . Each of the twentglots corresponds to di erent
values of the global dust-to-gas ratio, 4= 4, and the strength of the radial gas pressure
gradient, oVk 0=Go, Which sets the maximum di erential velocity between pure dat and
pure gas . Global dust-to-gas ratio varies across rows with va@s 4= 4 = 0.08, 0.04, 0.02,
0.01, 0.005. Strength of radial pressure gradient varies dowolumns with values ¢Vk 0=Go
= 0.2, 0.1, 0.05, 0.025. The horizontal axis of each individii plot is the nondimensionalized
wavenumber (8 )Hgky, and the vertical axis is the ratio of the dust scale height to tb gas
scale height. The solid contours, from outer to inner, correspdno growth rates of 0.1,
0.2, 0.3, 0.4, 0.5, 0.6 in units of 5. The outermost (dotted) contour corresponds to an
extrapolation to zero growth rate.

The peak of the zero-growth contour reveals the thinnest laydo remain stable to
Kelvin-Helmholtz instability as well as the wavelength of theeigenmode at the onset of
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Fig. 2.] Contour plots of growth rates of Kelvin-Helmholtz in stability for the case of no
Coriolis force and no horizontal shear. Global dust-to-gas tia varies across rows with
values 4= 4 = 0.08, 0.04, 0.02, 0.01, 0.005. Strength of radial pressureadient varies
down columns with values ¢Vk 0=Go = 0.2, 0.1, 0.05, 0.025. The horizontal axis of each plot
is the nondimensionalized wavenumber £€8)Hky, and the vertical axis is the ratio of the
dust scale height to the gas scale height. The solid contours, frayater to inner, correspond
to growth rates of 0.1, 0.2, 0.3, 0.4, 0.5, 0.6 in units of, 3. The outermost, dotted contour
corresponds to an extrapolation to zero growth rate.
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Fig. 3.| Contours in the (4= ¢; oVko=Go) plane for the minimum dust layer thickness
Hg4=Hy (solid black lines) and minimum Richardson numbeRi ., (dotted lines) at the onset
of instability. Over the range of parameter space explored, ghminimum Richardson number
is in the range 0.18 to 0.25, as expected for \classic" Kelvin-Hheholtz instability with no
Coriolis force and no horizontal shear. Note how the contoursifH,=Hy are nearly vertical,
indicating a weak dependence on the global dust-to-gas ratfor the onset of instability.
This gure is consistent with Figure 11 in Garaud & Lin (2004).
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instability. The wavelength at onset is typically between 8 ad 16 times the dust scale
height over the range of parameter space explored. In Figure ®e plot contours in the

( d= ¢ o0Vko0=Go) plane for the minimum dust scale heightH4=Hy (solid black lines) to

remain stable. We also plot contours (dotted lines) for the mimmum gradient Richardson
number (3-6) corresponding to the minimum dust thickness at thenset of instability. Over

the range of parameter space explored, the minimum Richardsaomber is in the range 0.18
to 0.25, as expected for \classic" Kelvin-Helmholtz instabilig with no Coriolis force and no
horizontal shear. Similar results were obtained by Garaud & hi (2004) (Figure 11 in their

work).

We simulate the nonlinear evolution of the instability in orde to investigate the nature
of the subsequent mixing of gas and dust. An example of a two-dingonal simulation in
the y z plane with 4= g = 0:01 and oVko=Go = 0:1 is presented in Figure 4. The
initial dust scale height isHy=Hy = 0:01, corresponding to a peak local dust-to-gas ratio
in the midplane of 3{, = 1 and a minimum Richardson number ofRiy, = 0:0675. The
rst column illustrates the evolution of the local dust-to-gasratio (deep red = 1, deep
blue = 0); the second column shows the evolution of the radial ngponent of vorticity
Iy @y=-@y @y=-@Zred = vorticity that points into the page, blue = vorticity t hat
points out of the page). The times corresponding to each frameén units of the orbital
period, are: 3.8, 4.5, 5.1, 5.7, 15.3. The dust layer developaves, which grow and break
into pairs of anti-aligned vortices. Characteristic of two-@mensional turbulence, like-signed
vortices merge to form larger vortices as energy cascades aoger spatial scales. These
vortices chaotically interact, leading to thorough mixingof the dust with the gas.

3.2. Case with Coriolis force, but no horizontal shear

Figure 5 shows the growth rates for the case with the Coriolisrice, but no horizontal
shear. As before, each of the twenty plots corresponds to di erevalues of the global dust-
to-gas ratio, 4= 4, and the strength of the radial gas pressure gradientyVk o=Go, which
sets the maximum di erential velocity between pure dust and pre gas. Global dust-to-gas
ratio varies across rows with values 4= 4 = 0.08, 0.04, 0.02, 0.01, 0.005. Strength of radial
pressure gradient varies down columns with valuegVk 0=Go = 0.2, 0.1, 0.05, 0.025. The
horizontal axis of each individual plot is the nondimensiorized wavenumber (& )Hky,
and the vertical axis is the ratio of the dust scale height to thgas scale height. The solid
contours, from outer to inner, correspond to growth rates of 0, 0.2, 0.3, 0.4, 0.5, 0.6 in
units of 5. Note that the vertical scale of each plot is a factor of 2.2 lagy than the
corresponding ones in Figure 2, and the horizontal scale is atar of 2 larger.
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Fig. 4.| Two-dimensional nonlinear evolution of Kelvin-Helm holtz instability with no Cori-
olis force and no horizontal shear. In this simulation, 4= ¢ = 0:01 and ¢Vk 0=Go = 0:1.
The initial dust scale height isH4=Hgy = 0:01, corresponding to a peak local dust-to-gas ratio
in the midplane of % =1 and a minimum Richardson number ofRi i, = 0:0675. The rst
column illustrates the evolution of the local dust-to-gas rab (deep red = 1, deep blue =
0); the second column shows the evolution of the radial companeof vorticity !, (red =
vorticity that points into the page, blue = vorticity that po ints out of the page). The times
corresponding to each frame, in units of the orbital period,ra: 3.8, 4.5, 5.1, 5.7, 15.3.
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Fig. 5.|] Contour plots of growth rates of Kelvin-Helmholtz in stability for the case with
the Coriolis force, but no horizontal shear. Global dust-to-&s ratio varies across rows with
values 4= 4=0.08, 0.04, 0.02, 0.01, 0.005. Strength of radial pressuredient varies down
columns with values ¢Vko=Go = 0.2, 0.1, 0.05, 0.025. The horizontal axis of each plot is
the nondimensionalized wavenumber €8 )Hky, and the vertical axis is the ratio of the dust
scale height to the gas scale height. The solid contours, from eutto inner, correspond
to growth rates of 0.1, 0.2, 0.3, 0.4, 0.5, 0.6 in units of, ;. Note that the horizontal and
vertical axes of each plot have roughly twice the range as tlverresponding plots in Figure 2
for the case of no Coriolis force.
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Gomez & Ostriker (2005) were the rst to note that settled dust layers are more unstable
when the Coriolis force is included. Instability occurs fortticker layers and for a much larger
range of wavenumbers. In the case where there is no Coriolisci®r the range of unstable
wavenumbers for a given ratio oHy=Hj is relatively narrow. In contrast, when the Coriolis
force is included, we nd that instability occurs for very lage wavenumbers, with no apparent
upper limit. However, these large wavenumber (small wavelergteigenmodes are the ones
which will be most a ected by the inclusion of horizontal shear.

Figure 6 shows the two-dimensional nonlinear evolution of Keh-Helmholtz instability
with Coriolis force but still no horizontal shear. This simulaton is exactly the same as
the one in Figure 4, except that the Coriolis force is includk As before 4= 4 = 0:01,

oVk0=Go = 0:1, H4=Hg = 0:01, b =1and Rin, = 0:0675. The rst column illustrates
the evolution of the local dust-to-gas ratio (deep red = 1, deep blue = 0); the second
column shows the evolution of the radial component of vortityi ! , (red = vorticity that
points into the page, blue = vorticity that points out of the page). The times corresponding
to each frame, in units of the orbital period, are: 1.9, 2.2,.2, 2.9, 7.6. Waves appear on the
dust layer as with the case with no Coriolis force, but no largseale vortices develop. The
vorticity has more power at the smallest spatial scales. The nonkar mixing, however, is
still very e cient, and the dust is completely re-mixed with the gas throughout the entire
computational domain.

We also simulate a thick dust layer that would have been unambigusly stable if there
was no Coriolis force. Figure 7 shows the two-dimensional novdar evolution for the case:
a= g = 0:01, oVko=CGo = 0:1, Hy=Hy = 0:04, & = 0:25 andRipin = 1:25. The times
corresponding to each frame, in units of the orbital period,ra: 3.2, 3.8, 4.5, 5.1, 7.6. The
instability sets in at a very small wavelength, fully consistent wth the value determined
in the linear stability analysis in Figure 5. In the next section we explore the e ect of

horizontal shear on the evolution of the instability of such thik layers.

4. 3D SIMULATIONS WITH RADIAL SHEAR

We present a series of fully three-dimensional simulations of getl dust layers with
the Coriolis force and di erential rotation; Table 1 contans a listing of parameters for these
simulations. Dust layers in equilibrium were initialized accaling to (2-11) and (3-4), and
then perturbations were added to the dust-to gas ratio :

(x;y;2) = Y(2)f1l+ A(x;y)[cos(z=2H ) +sin( z=2H )]g: (4-1)
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s

Fig. 6.] Two-dimensional nonlinear evolution of Kelvin-Helm holtz instability with Coriolis
force but still no horizontal shear. In this simulation, 4= ¢ = 0:01 and oVk 0=Go = 0:1.
The initial dust scale height isH4=Hgy = 0:01, corresponding to a peak local dust-to-gas ratio
in the midplane of % =1 and a minimum Richardson number ofRi i, = 0:0675. The rst
column illustrates the evolution of the local dust-to-gas rab (deep red = 1, deep blue =
0); the second column shows the evolution of the radial companeof vorticity !, (red =
vorticity that points into the page, blue = vorticity that po ints out of the page). The times
corresponding to each frame, in units of the orbital period,ra: 1.9, 2.2, 2.5, 2.9, 7.6.
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Fig. 7.| Two-dimensional nonlinear evolution of Kelvin-Helm holtz instability with Coriolis
force but still no horizontal shear. In this simulation, 4= ¢ = 0:01 and oVk 0=Go = 0:1.
The initial dust scale height isH4=Hgy = 0:04, corresponding to a peak local dust-to-gas ratio
in the midplane of 35 = 0:25 and a minimum Richardson number oRi,, = 1:25. The rst
column illustrates the evolution of the local dust-to-gas rab  (deep red = 0.25, deep blue
= 0); the second column shows the evolution of the radial compent of vorticity ! , (red =
vorticity that points into the page, blue = vorticity that po ints out of the page). The times
corresponding to each frame, in units of the orbital period,ra: 3.2, 3.8, 4.5, 5.1, 7.6.
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The amplitude function A(x;y) is constructed in wavenumber space so that each Fourier
mode has random phase and an amplitude inversely proportiorntal horizontal wavenumber:
Aks) / k?l. The perturbations were also forced to be antisymmetric abouhe x axis
so that the initial kinetic and potential energies (2-12) wex unchanged. In Table 1, the
amplitude A,s is the root-mean-square (rms) of these dust-to-gas ratio pertoations in
the midplane z=0.

4.1. The dependence on initial amplitude of perturbations

Figure 8 shows the results of Run 25, with 4= 4 = 0:01, ¢Vko=Go = 0:1, Hq=Hg =
0:01, é =1, and initial Ri,, =0:0675. These are the same parameters as those used in the
2D runs with no horizontal shear shown in Figure 4 (no Coriolisofce) and Figure 6 (with
Coriolis force). The perturbations in Run 25 had initial ampitude A;,s = 0:01 (see also Run
01 at a lower resolution). Run 26 had exactly the same parameseas Run 25, except the
amplitude of perturbations was reduce by a factor of 10 (seesalRuns 02 and 03). This layer
is unstable according to the classical Richardson criterion, agmonstrated in the previous
section for the cases without horizontal shear. However, with ghaddition of horizontal shear,
the stability of the dust layer depends also on the amplitude ohie initial perturbations: if the
magnitude of perturbations is below some threshold, the layeemains stable; whereas if the
amplitude exceeds some critical amount, the layer su ers KdlwvHelmholtz instability. As
found by Ishitsu & Sekiya (2003), unstable eigenmodes have a taiperiod of growth before
the shear stretches them out to high wavenumber and damps fughgrowth. The nonlinear
evolution of a dust layer depends on whether the unstable eigandes were able to reach
a su cient amplitude to trigger nonlinear interactions, resulting eventually in turbulence
and mixing of the dust with the gas. We have found through experentation that the
exact critical amplitude depends on such factors as the kindnd shape of perturbations
(e.g., perturbations to dust-to-gas ratio, or temperature,or velocity eld), the resolution
(number of spectral modes), and the kind and magnitude of smaltale dissipation (i.e.,
hyperviscosity) in the code.

In Runs 06 and 07, we make the dust layer 50% thicker than the lay in Run 25:

a= ¢ =0:01, oVko=Go =0:1, He=Hy = 0:015, ¥ =0:667, and initial Rin, =0:152. The
amplitudes of initial perturbations wereA;,s = 0:1 and A;s = 0:04, respectively. A layer

of this thickness would be unstable according to the Richardsasriterion. We again nd
that the stability depends on the amplitude of perturbations.Because this layer is closer to
stability than the one in Run 25, the eigenmodes would have a sler rate of growth; we

would expect that such modes would have to start out at a largemaplitude in order for them
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Run  (Lyx;Ly;Lz)  (Nx;Ny;Ny) = g oVko=Go Hg=Hg Initial Rimin Ams Final Rinin
01 (01;0:4;0:4) (32128256) 0.01 0.1 0.01 0.0675 0.01 0.42
02 (01;0:4;0:4) (32,128256) 0.01 0.1 0.01 0.0675 0.004 Stable
03 (01;0:4;0:4) (32128256) 0.01 0.1 0.01 0.0675 0.001 Stable
04 (01;0:4;0:4) (32128256) 0.01 0.1 0.02 0.270 0.1 Stable
05 (01;0:4;0:4) (32,128256) 0.01 0.1 0.02 0.270 0.2 Stable
06 (01;,0:4;0:4) (32128256) 0.01 0.1 0.015 0.152 0.1 0.23
07 (01;0:4;0:4) (32,128256) 0.01 0.1 0.015 0.152 0.04 Stable
08 (0050:2,0:2) (32128256) 0.01 0.1 0.005 0.0169 10 0.28
09 (01;0:4,04) (32,128256) 0.01 0.1 0.005 0.0169 10 0.38
10 (G1,0:4;04) (32128256) 0.02 0.1 0.01 0.0675 0.1 0.36
11 (01;0:4;0:4) (32,128256) 0.04 0.1 0.01 0.0675 0.1 0.43
12 (01,0:4;04) (32,128256) 0.08 0.1 0.01 0.0675 0.1 0.47
13  (01;0:4;0:4) (32 128256) 0.02 0.1 0.02 0.270 0.1 Stable
14 (01;0:4;0:4) (32128256) 0.04 0.1 0.02 0.270 0.1 Stable
15 (01,0:4;,04) (32128256) 0.08 0.1 0.02 0.270 0.1 Stable
16 (0050:2;0:2) (32 128256) 0.02 0.1 0.005 0.0169 0.001 0.28
17 (0050:2;0:2) (32,128256) 0.04 0.1 0.005 0.0169 0.001 0.30
18 (005,0:2;0:2) (32,128256) 0.08 0.1 0.005 0.0169 0.001 0.40
19 (01;,0:4;0:4) (32128256) 0.01 0.2 0.02 0.0675 0.01 0.21
20 (01;0:4;0:4) (32 128256) 0.01 0.2 0.04 0.313 0.1 Stable
21 (01;0:4;0:4) (32 128256) 0.01 0.2 0.01 0.0169 0.01 0.22
22 (0050:2,0:2) (32128256) 0.01 0.05 0.01 0.270 0.04 Stable
23 (0050:2,0:2) (32128256) 0.01 0.05 0.005 0.0675 0.04 0.32
24 (0050:2,0:2) (32128256) 0.01 0.05 0.0025 0.0169 0.04 0.32
25 (01;0:4;0:4) (64,256512) 0.01 0.1 0.01 0.0675 0.01 0.22
26 (01;0:4;0:4) (64;,256512) 0.01 0.1 0.01 0.0675 0.001 Stable
27 (0050:2,0:2) (64;,256512) 0.01 0.1 0.005 0.0169 10 0.21

Table 1: 3D Simulations of settled dust layers.
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to grow to su cient amplitude to trigger nonlinear e ects before the shear damped further
growth. This is indeed the case as the critical amplitude is tghly an order of magnitude
higher than the for the layer half as thick.

Runs 04 and 05 are for layers that are twice as thick as in Run 25 4= ¢4 = 0:01,
oVk0=Go = 0:1, H4=Hq = 0:02, § = 0:5, and Rimin = 0:270. The amplitudes of initial
perturbations wereA;,s = 0:1 and A;ns = 0:2, respectively. These layers are close to the
critical Richardson number for stability in the absence of Coalis force or shear, but would be
unstable with the Coriolis force and no horizontal shear. In 3Bimulations with horizontal
shear, these layers are found to be stable to even relatively dar amplitude perturbations.
Thus, it appears that the high-Richardson-number unstable ow with the Coriolis force rst

investigated by Gomez & Ostriker (2005) are stabilized by the arizontal shear.

For thinner layers than those in Run 25, however, the amplituel threshold practically
vanishes. Runs 08, 09, and 27 are for a layer initially half asitk (Richardson number four
times smaller): 4= 4 = 0:01, oVko=Go = 0:1, Hq=Hq = 0:005, ¥ = 2:0, and Rimin =
0:0169 . The amplitude of perturbations was only 1¢, yet the layers were still unstable.
Figure 9 shows the time evolution of this layer. There may indal be a threshold, but it would
be so low as to be practically irrelevant to the evolution of dst layers in real protoplanetary
disk environments.

4.2. Non-linear mixing and nal states

In simulations without horizontal shear, the turbulence lled the computational domain
and almost completely mixed the dust with the gas. There was lii evidence of a remaining
dust layer and the dust-to-gas ratio was nearly uniform. Howevgin 3D simulations with
horizontal shear, the turbulence and mixing were locally comed to a region above and
below the original layer, resulting in the formation of a newthicker layer. Figure 10a shows
the horizontally-averaged dust-to-gas ratio as a functionfdeight for the initial and nal
dust layers in Runs 25 and 27. It is interesting to note that the nal layers have very nearly
the same pro le even though they started out with di erent initial widths with very di erent
growth rates. In Figure 10b, the Richardson number as a functioof height is graphed for
these same two runs. Because the Richardson number involves thea@f derivatives that
both vanish at the midplane, it is not clear that the few pointsthat have very low Richardson
number near the midplane are not just numerical outliers. If weggnore those few points, then
it appears that both of these runs result in minimum Richardson umbers right around the
canonical value of one-quarter. The nal column of Table 1 shes the numerically computed
minimum Richardson number for the cases where the dust layer wagstable. The lower
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Fig. 8.] 3D nonlinear evolution of Kelvin-Helmholtz instabil ity with Coriolis force and
horizontal shear. In this simulation, 4= ¢ = 0:01 and ¢Vk 0=Go = 0:1. The initial dust
scale height isH4=Hg = 0:01, corresponding to a peak local dust-to-gas ratio in the mithme
of ¥ =1:0 and a minimum Richardson number oRi, =0:0675. The amplitude of initial
perturbations wasA;ns =10 2. The rst column illustrates the evolution of the local dust-
to-gas ratio (deep red = 1.0, deep blue = 0); the second column shows the evdn of the
radial component of vorticity ! , (red = vorticity that points into the page, blue = vorticity
that points out of the page). The time interval between frams is 3.4 orbital periods.
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Fig. 9. 3D nonlinear evolution of Kelvin-Helmholtz instabil ity with Coriolis force and
horizontal shear. In this simulation, 4= ¢ = 0:01 and ¢Vk 0=Go = 0:1. The initial dust
scale heightiH 4=Hy = 0:005, corresponding to a peak local dust-to-gas ratio in the npthne
of ¥ =2:0 and a minimum Richardson number oRi, =0:0169. The amplitude of initial
perturbations wasA;ns =10 8. The rst column illustrates the evolution of the local dust-
to-gas ratio (deep red = 2.0, deep blue = 0); the second column shows the eudn of the
radial component of vorticity ! , (red = vorticity that points into the page, blue = vorticity

that points out of the page). The time interval between frams is 3.4 orbital periods.
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resolution runs usually result in layers with minimum Richardsp numbers that are slightly
larger, in the 0.35 { 0.40 range. If the resulting turbulenceiglds a new layer that is thicker
than the critical thickness, the dust has no way to re-sediment lcause these simulations
are in the limit of perfect dust-to-gas coupling. In Figure 11lthe nal horizontally-averaged
dust-to-gas ratio for all the runs with unstable dust layers is ptted as a function of height.
The axes are scaled in such a way so that proles with the same mirmim Richardson
number coincide. The runs included in this gure include simiations with di erent global
dust-to-gas ratios (Runs 10{18), di erent global gas radiapressure gradients (Runs 19{24),
di erent layer widths, and di erent amounts of initial pertu rbations. Surprisingly, the vast
majority of these simulations resulted in nal dust layers with rearly the same minimum
Richardson number.

5. DISCUSSION & FUTURE WORK

We revisited the case of no horizontal shear, both with and witha the Coriolis force.
The case without the Coriolis force is the most similar to classicédvin-Helmholtz instability,
and the critical Richardson number for the onset of instabilityis close to the expected
value of one-quarter, consistent with there being su cient kirtic energy in the shear to
lift the heavier uid out of the gravitational well and mix it with the overlaying lighter
uid (Garaud & Lin 2004). As rst noted by Gomez & Ostriker (2005 ), the case with the
Coriolis force is surprisingly di erent, with instability occurring at much higher Richardson
numbers. However, the wavelengths of the most unstable eigennesdor these thicker layers
is smaller than the thickness of the layer itself. Ishitsu & Sekiy2003) showed that the
horizontal shear is able to eventually stabilize unstable eigmodes by shearing them out to
high wavenumber. However, unstable eigenmodes are able towgrfor a period of time; the
guestion is whether they can grow to a large enough amplitude trigger nonlinear e ects
and disrupt the dust layer before they are damped as they are shed.

In order to investigate the competing in uences of the Corigé force (destabilizing) and
horizontal shear (stabilizing), we used a 3D spectral, anelastishearing-box code (Barranco
& Marcus 2006) to simulate settled dust layers in the limit of pdect dust-gas coupling.
We nd that the stability of dust layers depends on the amplituce of initial perturbations:
small perturbations grow for a period of time, but are damped dfore they reach su cient
magnitude to trigger nonlinear e ects; whereas larger ampiide perturbations are able to
grow to magnitudes that can disrupt the dust layer, resulting inturbulence and mixing.
Kelvin-Helmholtz instability in thicker layers has slower gravth rates, implying that the
magnitude of initial amplitudes would have to be larger. Ths was seen in Runs 06 and
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07 in which the critical threshold for perturbations was an ater of magnitude larger for
a layer that was 50% thicker. Thick dust layers that are stable @ording to the classic
Richardson number criterion, but are unstable with the additn of the Coriolis force exhibit
Kelvin-Helmholtz instability with very slow growth rates and a high spatial wavenumber
(see Figure 5). Three-dimensional simulations of these layerddicate that the horizontal

shear is able to damp the instability no matter how large the inial perturbations for these
layers (see Runs 04 and 05). Thinner layers, on the other handhe very fast growth rates,
and the threshold amplitude is so low as to be practically irrelant in real protoplanetary
disks where there is no doubt uctuations of such low magnitude

In two-dimensional simulations of unstable dust layers, the tunblence that develops
lls the computational domain and leads to large-scale mixig. Characteristic of \inverse
cascades" in two-dimensional turbulence, small eddies mergeéhnwather eddies to form larger
coherent vortices which chaotically advect the dust, homogeing the dust-to-gas ratio. In
three-dimensional simulations, the turbulence is locally camed to a region right around
the original unstable dust layer and does not propagate throbgthe rest of the computa-
tional domain. The unstable thin layers evolve to thicker, mee stable layers with minimum
Richardson numbers tantalizingly close to the value of one-gtter for the onset of instability
in the absence of the Coriolis force and horizontal shear. Thessults hold when the global
dust to gas ratio 4= ¢ and the global gas radial pressure gradientyVk o=Gyo are varied.
There is no reason to expect that the unstable layers in these sitations would evolve to a
nal state that just happens to be at the critical thickness for stability. One could imagine
that the turbulence is so e cient at mixing that it results in la yers whose widths are signif-
icantly thicker than thinnest stable layer. Because the simulabns presented here are in the
limit of perfect dust-to-gas coupling, no further sedimentadn of the dust is allowed so that
the thicker nal states cannot settle to the critical state.

Future work will involve two signi cant improvements. First, we will relax the perfect
dust-to-gas coupling assumption and allow there to be a nite Vae for the stopping time.
Dust will be treated as a second uid with its own velocity eld (Cuzzi et al. 1993). Layers
that are unstable will develop turbulence and re-mix the dust th the gas, but then would
be allowed to further settle. Johansen et al. (2006) performéD simulations with two uids
and showed that layers evolved toward a self-regulated state which further settling was
inhibited by turbulence generated by Kelvin-Helmholtz instaility, maintaining the layer in
a dynamic equilibrium right at the critical thickness for instability. However, because their
simulations were 2D, they found the dust layers had very high Bhardson number similar to
the layers investigated by Gomez & Ostriker (2005). Second,ewvill add the e ects of non-
ideal magnetohydrodynamics with nite resistance. Turner etal. (2007) investigated the
magneto-rotational instability in protoplanetary disks with \dead zones" in the midplane
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where the ionization is too low to couple the uid to the magngc elds. However, they nd
that turbulence originating in the cosmic-ray-ionized surfee layers can mix free charges into
the interior and weakly couple the midplane gas to the magniet elds, e ectively eliminating
the dead zone. Their analysis does not include the role that gdugrains play in removing
free charges and reducing the ionization. If turbulence ksfthe particles throughout the
disk, ionization can be suppressed, which will have the tendenty decouple the interior
gas from the magnetic elds, allowing the dead zone to reformDust particle could then
re-settle, ionization could increase, re-coupling the gas tbe elds and generating a new
phase of turbulence. We plan to investigate if there is indeedlanit cycle to the formation
and destruction of the dead zone in protoplanetary disks.

The author would like to thank the National Science Foundatin for support via the
Astronomy & Astrophysics Postdoctoral Fellowship program. Computions for this project
were done at the Institute for Theory & Computation at the Harvad-Smithsonian Center for
Astrophysics, and at the San Diego Supercomputing Center. The @wor would like to thank
Philip Marcus, Ramesh Narayan, and Niyash Ashfordi for fruitful comersations related to
this project.
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Fig. 10.| Horizontally-averaged dust-to-gas ratio and Richardson numbemRi as a function
of height z for initial and nal dust layers for runs 25 and 27.
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Fig. 11.| Horizontally-averaged dust-to-gas ratio as a funcion of height for runs with
unstable dust layers in Table 1. Axes are scaled in such a way so thayérs that have the
same Richardson number would lay on top of one another.



